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Abstr act. We extend the classical Brunel-Sucheston definition of the spread- 
ing model by introducing the J^-sequences {xs)seJ' in ^ Banach space and the 
plegma families in J-' where is a regular thin family. The new concept yields 
a transfinite increasing hierarchy of classes of 1-subsymmetric sequences. We 
explore the corresponding theory and we present examples establishing this 
hierarchy and illustrating the limitation of the theory. 
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Introduction 



Spreading models have been invented by A. Brunei an L. Sucheston in the 
middle of 70's (c.f. [5j) and since then they have a constant presence in the evolution 
of the Banach space theory. Since the goal of the present monograph is to extend 
and study that notion, we begin by recalling the basics of their definition and some 
of their consequences. 

The Brunel-Sucheston spreading models 

A spreading model of a Banach space X is an 1-subsymmetric sequenccQ {en)n 
in a seminormed space {E, || ■ || *) connected to X with an asymptotic isometry which 
we next describe. A sequence (a;„)„ in a Banach space {X, \\ ■ \\) is asymptotically 
isometric to a sequence (e„)„, as above, if there exists a null sequence (i5„)„ of 
positive reals such that for every F — {ni < . . . < Uk} with ni < \F\ and every 
(ai)Li *= [^1' 1]''' '^^ tiave that 



k k 
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A sequence (en)n is a spreading model of the space X if there exists a sequence 
{xn)n in X which is asymptotically isometric to (e„)„. In this case we say that (x„)„ 
generates (e„)„ as a spreading model. By applying Ramsey theorem (c.f. [26j), 
Brunei and Sucheston proved that every bounded sequence (a;„)„ in a Banach space 
X has a subsequence {xk„)n generating some (e„)„ as a spreading model. 

The 1-subsymmetric sequences posses regular structure. For instance if (e„)„ is 
weakly null, then it is 1-unconditional. Furthermore if (e„)„ is unconditional then 
either it is equivalent to the standard basis of £^ or it is norm Cesaro summablc to 
zero. The importance of the spreading models arise from the fact that they connect 
the structure of an arbitrary Banach space X to the corresponding one of spaces 
with 1-subsymmetric bases. For example every Banach space admits unconditional 
sequences {en)n as a spreading model and moreover every seminormalized weakly 
null sequence {xn)n in a Banach space X contains a subsequence which either is 
norm Cesaro summable to zero or generates £^ as a spreading model. We should 
also add that recent discoveries (c.f. |13j . |14| ) have shown that similar regular 
structure is not expected inside a generic Banach space. 

It is clear from the definition of the spreading model that it describes a kind 
of almost isometric finite representabilitjjj of the space generated by the sequence 
(e„)„ into the space {X, || • However there exists a significant difference between 



sequence (e„)n in a seminormed space (E, || ■ ||,) is called 1-subsymmetric if for every 
n G N, fci < . . . < fe„ in N and ai, . . . ,a„ £ R we have that || ^"—i ajej\\t = || 5Il?=i '^j ^fc - II* 

A Banach space Y is finitely representable in X if for every finite dimensional subspace F of 
Y and every £ > there exists T : _F — > Y bounded linear injection such that ||T|| ■ ||T~^|| < l + e. 
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the two concepts. Indeed in the frame of the finite representability there are two 
classical achievements: Dvoretsky's theorem (c.f. [6]) asserting that P is almost 
isometrically finitely representable in every Banach space X and also Krivine's 
theorem (c.f. |19| ) asserting that for every linearly independent sequence 
in X there exists a 1 < p < oo such that is almost isometrically block finitely 
representable in X. On the other hand there exists a reflexive space X admitting no 
P as a spreading model (c.f. [24; ) . Thus the spreading models of a space lie strictly 
between the finitely representable spaces in X and the spaces that are isomorphic 
to a subspace of X. 

We think of the spreading models associated to a Banach space X as a cloud 
of Banach spaces, including many members with regular structure, surrounding 
the space X and offering information concerning the local structure of X in an 
asymptotic manner. Our aim is to enlarge that cloud and to fill in the gap be- 
tween spreading models and the spaces which are finitely representable in X. More 
precisely we extend the Brunel-Sucheston definition and we show that under the 
new definition the spreading models associated to a Banach space X form a whole 
hierarchy of classes of spaces indexed by the countable ordinals. In this hierarchy 
the classical spreading models correspond to the first class. 

The extended definition of the spreading models 

The extended notion heavily depends on the following two ingredients. The 
first one is the T-sequences with T a regular thin family of finite subsets of N. The 
J-"-sequences will replace the usual sequences. The second is the new concept of 
plegma families of subsets of N. This is very crucial for our approach as it permits 
to apply Ramsey theory. Let us also note that the plegma families are invisible in 
the classical definition of spreading models. Next we shall describe in detail the 
aforementioned concepts and the definition of the spreading models. In the sequel 
for an infinite subset M of N by [Af]<°° (resp. [M]°°) we denote the set of all finite 
(resp. infinite) subsets of M. 

Thin families find their origin in [22] and were extensively studied in |25j . 
In the present work we will consider a special class of thin families defined as 
regular thin families (see Definition II. An important feature of a thin family 
T is the order of denoted as o(J^) and which is defined to be the height of 
the tree T = {t G [N]^°° : 3s € with t Q s} associated to the family T (see 
[18| . |25j ). Typical examples of regular thin families are the families of fc-subsets 
of N, J^k = [N]*^ with o{Fk) = fc, the maximal elements of the Schreier family, 
^uj = {s C N : mins = |s|} with o{Tu)) = w and a generic one is the family J-^n 
of the maximal elements of the ^-Schreier family 5^, with o(J\j«) ~ ut^. We shall 
consider J^-sequences {xs)seJ^i in some set, as well as T- subsequences {xs)seJ^\L, 
where L € [N]°° and T \ L = {s € T : s C L}. 

The plegma families are some special finite sequences of subsets of N (see Def- 
inition [L7l). Roughly speaking they are pairwise disjoint families {si,...,s;} of 
finite subsets of N satisfying the following property. The first elements of {si}{^i 
are in increasing order and they lie before their second elements which are also in 
increasing order and so on. The plegma families do not necessarily include sets of 
equal size. For each I G N, let Plmi{F) be the set of all plegma families {si, . . . , s;} 
with each Si G J- . The plegma families satisfy the following Ramsey property which 
is fundamental for this work. 
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Proposition 0.1. Let M be an infinite subset of N, Z G N and be a regular thin 
family. Then for every finite coloring of Plmi{T \ M) there exists L £ [M]°° such 
that Plmi{J- \ L) is monochromatic. 

As in the case of the classical spreading models, an iterated use of the above 
proposition, yields that for every bounded J^-sequence (xs)si£j^ m a Banach space 
X there exist an infinite subset M of N and a seminorm |j • |j* on coo(N) under 
which the natural Hamel basis (e„)„ is an 1-subsymmetric sequence such that the 
following is satisfied: For every Z S N, ai, . . . , a; e M and every sequence {{s")\^i)n 
in Plmi{T \ M) with mins" — >■ oo, we have 



The sequence (e„)„ will be called an J- -spreading model of X which is generated by 
the J^-subsequence {xs)seJ^\M- 

Let us point out that the J^-sequences of order 1 coincide with the usual se- 
quences and also the corresponding plegma families are the subsets of N. Thus the 
above definition when o{J-) — 1 recovers the classical Brunel-Sucheston spreading 
models. 

There are evidences supporting that the above definition is the appropriate 
extension of the classical one. The first one is that an J^-spreading model (e„)„ 
depends only on the order of J-. More precisely the following holds. 

Proposition 0.2. Let X he a Banach space and Q be regular thin families. If 
o{J-) = o{G) then (e„)„ is an J^-spreading model of X if and only if (en)n is a Q- 
spreading model of X. More generally, if o(J^) < o(Q) and (e„)„ is an J^-spreading 
model of X then (e„)„ is a ^/-spreading model of X. 

The above allow us to classify the spreading models as a transfinite hierarchy 
as follows. 

Definition 0.3. Let X be a Banach space and 1 < ^ < be a countable ordinal. 
We will say that (e„)„ is a ^-spreading model of X if there exists a regular thin 
family J- with o{J-) — ^ such that (e„)„ is an J^-spreading model of X . The set of 
all ^-spreading models of X will be denoted by SAA(^{X). 

Moreover the preceding proposition yields that the above defined transfinite 
hierarchy of spreading models is an increasing one i.e. for every Banach space X 
and 1 < C, < ^ < uJi we have that SM.q{X) C SM.^{X). An open problem here 
is whether this hierarchy is stabilized, i.e. if for every separable Banach space X 
there exists a countable ordinal ^ such that for every C > SM.q{X) = SM.^{X). 

Let us point out that the ^-spreading models of X have a weaker asymptotic 
relation to the space A" as ^ increases to wi. A natural question arising from the 
above discussion is whether the ^-spreading models of A, ^ < wi, could recapture 
Krivine's theorem. As we will see this is not always true. 



There are two other concepts in the literature sharing similar features with 
the aforementioned extended definition. The first appears in (15) and concerns the 
so called asymptotic models which are associated to [N] ^-bounded sequences in a 
Banach space. The asymptotic models are not necessarily subsymmetric sequences. 




i=l 



i=l 



Other approaches 



4 



SPREADING MODELS IN BANACH SPACE THEORY 



The second one is explicitly stated in [24j although was known to the experts 
of the Banach space theory. This concerns what we call strong k- order spreading 
models, which are inductively defined as follows. First we need some notation 
from 24 . Let X,E be Banach spaces. We write X E ii E has a Schauder 
basis which is a spreading model of some seminornialized basic sequence in X and 

k 

X^EiiX^Ei^...^ Ek-i E for some finite sequence Ei, . . . ,Ek~i- 

k 

Note that for every A; g N if X — >■ then E has a subsymmetric Schauder basis. 
An 1-subsymmetric Schauder basic sequence (e„)„ is said to be a strong k-order 

spreading model of a Banach space X if setting E — < (e„)„ > then X \ E. If in 
each inductive step we consider block sequences instead of Schauder basic ones, we 
define in a similar manner the block strong fc-order spreading models (X-^E). It 
is easy to see that the strong /c-order spreading models define a countable hierarchy 
and a problem posed in |24| is whether there exists a Banach space X such that 
no strong fc-order spreading model contains some £p 1 < p < oo ot cq. 

It is interesting that the extended definition includes the strong fc-order spread- 
ing models as follows. 

Proposition 0.4. Let X be a Banach space and k E N. Then every block strong 
fc-order spreading model is also a fc-order spreading model. Moreover if all strong 
Z-order spreading models are refiexive, for every 1 < / < fc, then all strong fc-order 
spreading models are fc-order ones. 

This proposition enable us to answer the aforementioned problem by showing 
the following more general. There exists a reflexive Banach space X such that no 
£P, I < p < CO, or Co is embedded into E — < (e„)„ >, where (e„)„ is a spreading 
model of any order of X. We also provide an example showing that the strong 
fc-order spreading models do not coincide with the fc-order ones. 

An outline of the main results 

We pass to present our results related to the extended spreading model notion. 
As we have already mentioned the dominant concepts for our approach are both 
plegma and regular thin families while the tools are mainly of combinatorial nature 
with the Ramsey theory keeping a central role. 

We start with some results which explain the behavior of the plegma families. 
For a family T of finite subsets of N, by Plm{F) we denote the set of all plegma 
families in i.e. Plm{F) — U'^^Plmi{J^). 

Theorem 0.5. Let J^, Q be regular thin families. If o{J-) < o{G) then for every 
M e there exist N € [N]°° and a map ip : g \ N ^ T \ M such that for every 
(si)'=i e Plm{T), we have that ((/3(sO)Ui ^ Plm{Q). 

We could say that the above result is the set theoretic analogue of Proposition 
10.21 above and it is the basic ingredient of its proof. In the other direction we 
prove the following which explicitly forbids the existence of such maps from lower 
to higher order regular thin families. 

Theorem 0.6. Let J^, Q be regular thin families. If o{F) < o{Q) then for every 
ip : F ^ Q and M G [N]°° there exists L £ [M]°° such that for every plegma pair 
(si,S2) in T \ L neither (0(si), 0(s2)) nor (0(s2), (/'(si)) is a plegma pair. 

The proof of Theorem 10.61 relies on the plegma paths which are finite sequences 
such that {si,Si+i) is a plegma pair. Let us point out that the relation 
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"(si,S2) is a plegma pair" is neither symmetric nor transitive. In the context of 
graph theory the above theorem describes the following phenomenon. Viewing T 
and Q as directed graphs with edges the plegma pairs in J- and Q respectively, we 
have that for every : T ^ Q and Me [N]°° there exists L G [M]°° such that ip 
embeds the associated to T \ L graph into the complement of the corresponding 
one of G- 

We proceed to the study of the topological behavior of the J^-sequences. To 
this end we introduce the following definition. 

Definition 0.7. Let {X, T) be a topological space, be a regular thin family, M £ 
[N]°° and {xs)seJ^ be an J^-sequence in X. We say that {xs)seJ^\M is subordinated 
(with respect to (X, T)) if there exists a continuous map ^ : J" f M — >• {X, T) with 

(p{s) — Xs, for all s e \ M. 

Let us say that an J^-scqucnce {xs)s£T in a Banach space X is weakly relatively 

w 

compact if the set {xs '■ s G J^} is weakly compact. The following proposition actu- 
ally generalizes to weakly relatively compact J^-sequences the well known property 
that every sequence in a weakly relatively compact subset of a Banach space has a 
convergent subsequence. 

Proposition 0.8. Let X be a Banach space, J" be a regular thin family and {xs)seT 
be a weakly relatively compact J-"-sequence in X. Then for every M G [N]°° there 
exists L G [AI]°° such that the J'-subsequence {xs)seJ^\L is subordinated. 

Our next goal is to give sufficient conditions for J^-sequences yielding additional 
information concerning the structure of the generated spreading models. First we 
present analogues of the Brunel-Sucheston condition (c.f. 5 ), which ensure that 
the seminorm in the space generated by the spreading model is actually a norm (see 
Theorem l3.16p . Next we provide conditions for a spreading model being a Schauder 
basic sequence. In particular we prove the following. 

Theorem 0.9. Let X be a Banach space, be a regular thin family and {Xs)seJ' 
be an J^-sequence in X. Let ((e„)„, || • ||*) be an J^-spreading model generated by 
{xs)sej' such that || • ||* is a norm. If {xs : s G J-} admits a Skipped Schauder 
Decomposition(SSD) then (e„)„ is Schauder basic. 

(For the definition of (SSD) see Definition l3.27l) . The proof of the above theorem 
relies on the following combinatorial result. 

Proposition 0.10. Let be a regular thin family, M E [N]°° and (p : J- ^ N. 
Then there exists N e [M]°° such that either ip is constant on f or for every 
plegma pair (si,S2) in \ N, (p{s2) — v(si) > 1- 

Concerning the unconditional spreading models we have the following, which 
generalizes a well known fact for classical spreading models, namely that seminor- 
malized weakly null sequences generate unconditional spreading models. 

Theorem 0.11. Let be a regular thin family and L G [N]°°. Let {xs)seT\L be 
a seminormalized J^-sequence in a Banach space X generating a spreading model 
(e„)„. Suppose that {xs)seJ^\'L is subordinated with respect to the weak topology 
on X and let [p : T \ L ~> (X, w) be the continuous map witnessing it. If ^(0) = 0, 
then the sequence (e„)„ is unconditional. 

We next present some results concerning spreading models which are generated 
by J^-sequences in a Banach space with a Schauder basis. We will need the following 
definition. 
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Definition 0.12. Let X be a Banach space with a Schauder basis. Let F be 
a regular thin family, M e [N]°° and {xs)seJ' an J^-sequence in X consisting of 
finitely supported vectors. We will say that the J-'-subsequence {xs)s£F\m is plegma 
disjointly supported (resp. plegma block) if for every plegma pair (31,82) in J- \ M 
we have that supp(xsi) H supp(xs2) = (resp. supp(a;s^) < supp(a;s2)). 

The above definition replaces the well known concept of disjointly supported 
(resp. block) sequences which occur when we deal with sequences in Banach spaces 
with a Schauder basis. It is worth pointing out that when o(J^) > 1 we could not 
expect that the whole J^-sequence (or even an J^-subsequence) is either disjointly 
supported or block. 

Theorem 0.13. Let X be a Banach space with a Schauder basis and be a 
regular thin family. Let (e„)„ be an J^-spreading model of X generated by a weakly 
relatively compact J-"-sequence. If (e„)„ is Schauder basic then it is unconditional 
and it is also generated by a plegma disjointly supported J^-subsequence. 

As we will see the sequence (e„)„ in the above theorem is not in general gen- 
erated by a plegma block J^-subsequence. However when (e„)n is equivalent to the 
standard basis of Cq or £1 we have the following results. 

Theorem 0.14. Let X be a Banach space with a Schauder basis. If X admits cq 
as a spreading model generated by a weakly relatively compact J^-sequence then X 
also admits co as a plegma block generated spreading model. 

The proof uses a combinatorial result concerning partial unconditionality of 
tree basic sequences. As consequence of the above we have the following. 

Corollary 0.15. Let X be a reflexive Banach space with a Schauder basis. If 
X admits cq as a spreading model generated by a weakly relatively compact T- 
sequence then X* admits £^ as a plegma block spreading model. 

It is well known that the above duality result does not hold in the inverse 
direction. Namely there are reflexive spaces admitting £^ as a classical spreading 
model and their dual does not admit cq. We also present a similar example for 
higher order spreading models. 

An analogue of Theorem 10.141 for £^ spreading models also holds under an 
additional assumption. A Banach space X with a Schauder basis has the property 
V if for every ^ > there exists a fc e N such that for every finite block sequence 
in X with \\xi\\ > S for all 1 < i < fc we have that || X]i=i ^dl > 1- 

Theorem 0.16. Let X be a Banach space with a Schauder basis and the property 
V. Let also {xs)seJ^ be a weakly relatively compact J^-sequence admitting as 
an J^-spreading model. Then X admits £^ as a plegma block generated spreading 
model. 

The above theorem is a key ingredient for showing that there exists a reflexive 
space admitting no £p as a spreading model. We will see that the additional as- 
sumption concerning property 7^ is a necessary one for the conclusion of the above 
theorem. 

The next result concerns Cesaro summability for fc-order J^-sequences, fc G N. 
We flrst deflne the fc-Cesaro summability in the following manner. 

Definition 0.17. Let A" be a Banach space, xq ^ X , k £ N, {xs)selN]'' be a [N]'^- 
sequence in X and M e [N]°°. We will say that the [N] '^-subsequence {xs)se[M]'' is 
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fc-Cesaro summable to xq if 

sGlM\n\'' 

where M|n = {Af(l), Af (n)}. 

We prove the following extension of a well known result of H. P. Rosenthal 
which corresponds to the case k — 1. 

Theorem 0.18. Let X be a Banach space, k G N and (a;s)sg[m]fc be a weakly 
relatively compact [N] '^-sequence in X. Then there exists M G [N]°° such that at 
least one of the following holds: 

(i) The subsequence {xs)se[M]'' generates an [N] '^-spreading model equivalent 
to the standard basis of 

(ii) There exists xq E X such that for every L E [M]°° the subsequence 
i^s)se[L]'' is A:-Cesaro summable to xq. 

There are significant differences between the cases k = 1 and k > 2. Firstly 
for k = 1 the two alternatives are exclusive but this does not remain valid for 
k > 2. Secondly the proof for the case fc > 2 uses the multidimensional Szemeredi's 
theorem (c.f. [§]). 

We also give some composition properties of spreading models. More precisely 
we have the following result. 

Theorem 0.19. Let X be a Banach space and (e„)„ be a Schauder basic sequence 
in SM^{X), for some ^ < wi. Let E = < (e„)„ > and for some fc S N, let 
(en)n G SM.k{E) be a plegma block generated spreading model. Then 

(e„)„ e SM^+k{X) 

The above yields the following concerning (P spreading models. 

Proposition 0.20. Let X be a Banach space and (e„)„ be a ^-order spreading 
model of X. Let also E — < (e„)„ >. If for some 1 < p < oo the space E contains 
an isomorphic copy of £p then X admits a + l)-order spreading model equivalent 
to the usual basis of i^. 

Using additionally the non distortion property of and cq (c.f. [17j ) we obtain 
the following stronger result. 

Proposition 0.21. Let X be a Banach space and (e„)„ be a ^-order spreading 
model of X. Let also E = < (e„)„ >. If the space E contains an isomorphic copy of 
£^ (resp. Co) then X admits isometrically £^ (resp. co) as a + l)-order spreading 
model. 

The above yield the following trichotomy. 
Corollary 0.22. Let X be a reflexive space. Then one of the following holds. 

(i) The space X admits isometrically as a spreading model. 

(ii) The space X admits isometrically co as a spreading model. 

(iii) All spreading models of X generate reflexive spaces. 
Moreover, every Schauder basic spreading model of X is unconditional. 

What we have presented until now are included in Chapters 1-7. The remained 
chapters are devoted to several examples some of which establish the hierarchy of 
spreading models and others illustrate the boundaries of the corresponding theory. 



8 



SPREADING MODELS IN BANACH SPACE THEORY 



An overview of the examples 



We begin with an easy general method yielding ^-order spreading models. Let 
(en)n be an 1-subsymmetric and 1-unconditional sequence in a Banach space {E, \\ ■ 
II), 1 < ^ < wi and be a regular thin family of order ^. 

We denote by {es)sGJ' the natural Hamel basis of coo{J^)- For x G coo{J^) we 

set 



and let = (coo (-?"), || • ||j) be the completion of coo(^) under the above norm. 

It is easy to see that (e„)„ is an J^-spreading model of generated by the 
J-"-sequence {es)seJ^- Thus setting A = {eg : s £ J-}, we have that (e„)„ belongs to 
the set of all spreading models of A of order ^. 

Moreover, if in addition (e„)„ is not equivalent to the usual basis of co then, 
using Theorem 10.61 one can verify that for every C < ^ and every regular thin 
family Q with o{G) = Ci i^n)n does not occur as a spreading model generated by 
a ^^-subsequence in A. However, it is not so immediate to construct a space X 
admitting the sequence (e„)„ as a ^-order spreading model such that for every 
C < £, the whole space X does not admit a C-order spreading model equivalent to 
(e„)„. In this direction we provide the following examples. 

Theorem 0.23. For every k G N there exists a reflexive space Xk+i with an 
unconditional basis (es)sg[p}]fc+i . The basis (es)sg[pf]fe+i generates £^ as a (fc + 1)- 
order spreading model and is not (fc + l)-Cesaro summable to any xq in Xk+i- 
Furthermore the space X^+i does not admit a fc-order £^ spreading model. 

In particular the space Xk+i shows that the non {k+ l)-Cesaro summability of 
a [NJ'^+^-sequence does not yield any further information concerning £^ spreading 
models of lower order. 

Theorem 0.24. For every countable ordinal f there exists a reflexive space 
with an unconditional basis satisfying the following properties: 

(i) The space admits £^ as a ^-order spreading model. 

(ii) For every ordinal C such that ( + 2 < ^, the space Xj does not admit £^ 
as a C-order spreading model. 

In particular, if ^ is a limit countable ordinal, then the space X^ does not admit 
£^ as a C-order spreading model for every C < 

The aim of the next example is to separate for fc > 1 the class of strong fc-order 
spreading models from the /c-order ones. 

Theorem 0.25. For every 1 < q < oo and fc > 1, there exists a Banach space X^ ^ 
with an unconditional basis such that ^ admits £"> as a spreading model of order 
fc and does not admit as a strong Z-order spreading model for every I G N. 

The next example concerns plegnia block generated £^ spreading models. Among 
others it shows that condition V appeared in Theorem 10.161 is indeed necessary. 

Theorem 0.26. There exists a reflexive space X with an unconditional basis ad- 
mitting £^ as oj-order spreading model and not admitting £^ as a plegma block 
generated spreading model of any order. 
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The last example shows that the hierarchy of spreading models introduced in 
this work does not provide a Krivine type result (c.f. [19) ). More precisely we have 
the following 

Theorem 0.27. There exists a reflexive space X with an unconditional basis such 
that for every ^ < lui and every (e„)„ G SM^(X), the space E = < (e„)„ > does 
not contain any isomorphic copy of cq or for all 1 < p < oo. 

The latter answers in the affirmative a related problem posed in [24 . Moreover 
it is an interesting question if the hierarchy of the spreading models of the space 
X is stabilized at some ^ < wi. Furthermore by CoroUarv 10.221 we have that 
every spreading model of X generates a reflexive space not containing for all 
1 < p < oo. It is open whether all these spaces are related to reflexive spaces 
generated by saturation methods like Tsirelson, mixed Tsirelson and their variants. 

Preliminary notation and definitions 

We start with some notation related to the subsets of N. As usual, we denote 
the set of the natural numbers by N = {1,2,...}. Throughout the paper we shall 
identify strictly increasing sequences in N with their corresponding range i.e. we 
view every strictly increasing sequence in N as a subset of N and conversely every 
subset of N as the sequence resulting from the increasing ordering of its elements. 
We will use capital letters as L,M,N, ... to denote infinite subsets and lower case 
letters as s, t, u, ... to denote finite subsets of N. 

For every infinite subset L of N, (resp. [L]°°) stands for the set of all 

finite (resp. infinite) subsets of L. For an L = {li < I2 < ...} € and a positive 
integer fc £ N, we set L{k) — 1^. Similarly, for a finite subset s = {ni < .. < n„j} 
of N and for 1 < fc < m we set s{k) — n^. Also for every nonempty s E [N]^°° and 
1 < A: < |s| we set s\k = {s(l), . . . , s{k)} and s|0 = 0. 

For an L — {li < I2 < ...} E [N]°° and a finite subset s {ni < .. < Uk} (resp. 
for an infinite subset N = {ni < n2 < ...} of N), we set L{s) = {Ini, In^} (resp. 
i(A^) = {/„,, ?„„...}). 

For s E [N]<°° by \s\ we denote the cardinality of s. For L E and fc e N, 

we denote by [L]'^ the set of all s E [L]^°° with \s\ = fc. For every s,t E [N]^°° we 
write t < s if either at least one of them is the empty set, or maxt < mins. 

We also recall some standard notation and definitions from Banach space the- 
ory. Although the notation that we follow is the standard one, as it can be found 
in textbooks like [1], we present for the sake of completeness some basic concepts 
that are involved in this monograph. 

By the term Banach space we shall always mean an infinite dimensional one. 
Let X be a Banach space. When we say that Z is a subspace of X we mean that Z is 
a closed infinite dimensional subspace of X. For a subspace Z of X, Bz (resp. Sz) 
stands for the unit ball Z , i.e. the set {x E Z : \\z\\ < 1} (resp. the unit sphere of Z, 
i.e. the set {x E Z : \\x\\ = 1}). For a bounded linear operator T : X — >■ F, where Y 
is a Banach space, we will say that T is strictly singular if there exists no subspace 
Z oi X such that the restriction Tj^ of T on Z is an isomorphic embedding. 

Let {xn)n be a sequence in X. We say that (x„)„ is bounded (resp. semi- 
normalized) if there exists M > (resp. C, c > 0) such that ||a;„|| < M (resp. 
c < ll-'J^rill < C*) for all n E N. We say that (x„)„ is normalized if ||a;ri|| = 1 for all 
nEN. 
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A sequence (e„)„ is a Schauder basis of X if for every x E X there exists 
a unique sequence (a„)„ of reals such that x = inXn- As is weU known 

the associated projections {Pn)n to (e„)„, defined by PnC^ZJLi O'jC-j) = Yl^=i '^j^j 
for every x = Y^^=i '^j^j ^ X and n G N, are uniformly bounded and the quantity 
sup„ \\Pn\\ is the basis constant of (e„)„. A sequence (x„)„ in X is called (Schauder) 
basic if (.t„)„ forms a Schauder basis for the subspace < (a;„)„ > of X. Two basic 
sequences (x„)„ and {yn)n, not necessarily belonging to the same Banach space, are 
called equivalent if there exist c, C > such that for every n e N and ai, . . . , a„ e M 



< 



oo 

E 

n=l 



A sequence (a;„) „ in is called C-unconditional, where C > 0, if for every C N 
and every (a„)„ sequence of reals such that the series X^^i dnXn converges we 
have that 

II ^ ] O-nXn < C| 
neF 

For a sequence (x„)„ in X wc say that a sequence (?/„)„ is a block subsequence of 
{xn)n if there exist a strictly increasing sequence (p„)„ of natural numbers and a 
sequence (a„)n of reals such that for every n e N we have that 

p„+i-i 
yn= ^ akXk 

k=Pn 

Suppose that X has a Schauder basis (e„)„. For every x = J2'^=i '^■n.e-n € X we 
define the support of x to be the set supp(a;) = {n € N : a„ 7^ 0} and we say that x 
is finitely supported if supp(a;) is finite. For xi.x^ X finitely supported we write 
x\ < X2 if supp(a;i) < supp(x2). The biorthogonal functionals (e*)„ of (e„)„ are 
defined by e* (x) = o„ for every x = X^i^i '^i^* ^ X and n € N. We recall that 

the basis (e„)„ is called shrinking if X* = < (e* )„ > . The basis (e„)„ is called 
boundedly complete if for every sequence (a„)„ of reals such that the sequence 
(Sfe=i Ofeefc)„ is bounded, the series o-n^n converges. 



CHAPTER 1 



Plegma families 

In this chapter we introduce the concept of a plegma family of finite subsets of 
N. Roughly speaking a plegma family is a finite sequence of finite nonempty subsets 
of N, whose elements alternate each other in a very concrete way. This notion is the 
basic new ingredient for the extension of the definition of the spreading models. We 
also establish several Ramsey properties of plegma families that will be frequently 
used in the sequel. Among them there are some graph oriented concepts such as 
plegma paths and plegma preserving maps between thin families of finite subsets of 
N. In the beginning of this chapter we review some classical results concerning the 
Ramsey theory of finite subsets of N. 

1. Families of finite subsets of N 

In this section we review some basic definitions and terminology for families of 
finite subsets of N. This theory is traced back to the work of Nash- Williams |22j 
as well as to the seminal paper of P. Pudlak and V. Rodl '25| where among others, 
thin families of order ^ where defined for every countable ordinal f (see below for 
the relevant definitions). For more information, we refer the reader to [4] and the 
references therein. 

1.1. Basic definitions. Recall that a family of finite subsets of N is said 
to be hereditary if for every s Cz J- and t C s we have that t € J- and spreading if 
for every ni < ... < Uk and mi < ... < with {ni, ...,nk} G and ni < mi, 
Uk < rnk we have that {mi, ...,m/j} belongs to too. Also J- is called compact if 
the set of characteristic functions of the members of T, {xs G {0, l}'^ : s G J^}, is 
a closed subspace of {0, 1}^. A family J" of finite subsets of N will be called regular 
if it is compact, hereditary and spreading. For a family T C [N]"^°° of finite subsets 
of N and an infinite subset L e [N]°° we set 

T\L = {seT: s C L} = Tn [L]<°° 

The order of a family T C [NJ'^"" is defined as follows (see also [25j). We assign to 
its (C ~) closure 

T = {te [N]<°° :3s eT with t C s} 

which under the initial segment ordering is a tree. If T is ill-founded (i.e. there 
exists an infinite sequence (s„)„gN in T such that s„ C Sn+i) then we set o{J-) = wi. 
Otherwise, for every maximal element s of we set op{s) = and recursively for 
every s in we define 

o^{s) — sup{o^(t) + 1 : t £ J- and s n t} 

The order of T is defined to be the ordinal o{T) = o^{%). By convention for an 
empty family F — % we set o{F) = — 1. 
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For every n S N we define 

T(n) ^{se [N]<°° : n < s and {n} U s G J"} 

where n < s means that either s = or n < niin(s). It follows that for every 
nonempty F 

(1) o(^)=sup{o(^(„)) + l:n€N} 

A family T of finite subsets of N is called thin if there do not exist s ^ t in F 
such that s C t. 

Definition 1.1. We will call a family F of finite subsets of N regular thin if F is 
thin and in addition its closure is a regular family. 

Let as point out that if is a regular family, then the Cantor-Bcndixson index 
of F is equal to o{F) + 1. Notice that a thin family F is regular thin if and only 
if F is the set of all C —maximal elements of F. More generally it is easy to see 
that for every L S [N]°° the set of all C —maximal elements of F \ L coincides with 
F \ L. This in particular yields the following fact. 

Fact 1.2. Let be a regular thin family. Then the following hold 

(i) For every L G we have that ^fTl = F \ L. 

(ii) For every n e N, J^(„) is regular thin and F^n) = ^(n)- 

(iii) For every L e we have that o{F) = o{F) = o{F \ L) = o{F \ L). 

Regular thin families as well as maps defined on them posses a central role 
throughout this paper. For a set X and a regular thin family F ^ by the term F- 
sequence in X we will understand a map if : F ^ X. An J^-sequence in X will be 
usually denoted by {xs)seJ^- More generally given M e [N]°°, a map ip : F \ M ^ 
X will be called an F-subsequence and will be denoted by {xs)seJ^\M ■ 

1.2. Ramsey properties of families of finite subsets of N. We will use 
the following terminology (it is also used in fl3]). Let F C [N]<°° and M £ [N]°°. 
We say that F is large in M if for every L G [M]°° there exists s £ F such that 
s C L. We say that F is very large in M if for every L € [M]°° there exists s E F 
such that s Q L. The following is a restatement (se also }l3j ) of a well known 
theorem due to Nash- Williams 22 and F. Galvin and K. Prikry [9]. 

Theorem 1.3. Let F C [N]<°° and M e U F is large in M then there exists 

L e [AI]°° such that F is very large in L. 

Remark 1.4. If F is regular thin then it is easy to see that F is large in N. Hence 
by Thcorcm ll.3l for every ME there exists L E such that F \ L is very 

large in L. 

The following theorem is also due to Nash- Williams [22 . Since it plays a crucial 
role in the sequel, for the sake of completeness we present its proof. 

Theorem 1.5. Let F C be a regular thin family. Then for every finite 

partition F = ujLi J",, {k > 2) of J" and every M E there exist L E [M]°° and 
I < io < k such that F \ L = Fig \ L. 

Proof. It suffices to show the result only for /c = 2 since the general case 
follows easily by induction. So let F = F\\J F^ and M E [N]°°. Then either there 
is L € such that F\ \ L = % ox F\ is large in M. In the first case it is clear 
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that T \ L = T2 I" i- In the second case by Theorem 11.31 there is L e \Mf° such 
that T\ is very large in L. We claim that T \ L = T\ \ L. Indeed, let s ^ T \ L. 
We choose TV e [L]°° such that s C TV and let i C iV such that i € Then s,t 
are C-comparable members of J- and since T is thin they must be equal. Therefore 
s = t e J"! and J" f L = J"i f L. □ 

For two families T , Q of finite subsets of N, we write T ^ Q (resp. J- ^ Q) 
if every element in J- has an extension (resp. proper extension) in Q and every 
element in Q has an initial (resp. proper initial) segment in J- . The following 
proposition is a consequence of a more general result from [lOL 

Proposition 1.6. Let T ,Q ^ be regular thin families with o[T) < o{Q). 

Then for every M G [N]°° there exists L e [M]°° such that T \ L n G \ L. 

Proof. By the assertion (ii) of the above fact we have that there exists Li e 
[M]°° such that both J^,Q are very large in Li. So for every L S [ii]°° and every 
t ^ G \ L there exists s G !F \ L such that s, t are comparable and conversely. 
Let Qi be the set of all elements of Q which have a proper initial segment in T 
and Q2 — G \ Gi- By Theorem 11.51 there exist ip G {1, 2} and L e [ii]°° such that 
Q \ L Q Qiq. It suffices to show that iq = 1. Indeed, if = 2 then for every 
t G G f L there is s G such that t \— s. This in conjunction with assertion (ii) of 
the above fact yields that o{Q) ~ o{Q \ L) < o{F) which is a contradiction. □ 

2. The notion of the plegma families 

In this section we introduce the concept of the plegma families of nonempty 
finite subsets of N. This concept possesses a fundamental role throughout the rest 
of the paper leading, among others, to the extension of the notion of spreading 
model. 

Definition 1.7. Let I G N and si,...,Si be nonempty finite subsets of N. The 
tuple {sj^j^i will be called plegma if the following are satisfied. 

(i) For every i,j G {1,...,?} and fc G N with i < j and k < min(|si|, |sj|), we 
have that Si{k) < Sj{k). 

(ii) For every i,j G {1, ...,1} and fc G N such that fc < min(|si|, \sj\ — 1), we 
have that Si{k) < Sj{k + 1). 

For instance a pair ({^i}, {^2}) of singletons is plegma iff ni < n2- Also a pair 
of doubletons ({ni, mi}, {n2, 7712}) is plegma iff ni < 71.2 < mi < 7712- Moreover it 
is easy to see that {sj)j^i is plegma iff for every 1 < k < I and 1 < ii < 12 < . . . < 
ik < I the fc— tuple (sij)j^x is plegma. This in particular implies that for every 
1 < ii < 12 < / we have that s^j n — 0. 

Notation 1.8. Let be a family of finite subsets of N and I G N. We set 

Plmi{F) = {{sj)]^i ■■ si,...,si G F and {sj)]^i plegma} 
Let also Plm{F) = IJi^i PlmiiJ")- 

Lemma 1.9. Let be a thin family of finite subsets of N. Let (sj)j^i, (^j)'=i 
in Plm{F) with |si| < ... < |si|, \ti\ < ... < \ti\ and U^-^iSj C U^-^^tj. Then 
(si)'=i — it])j=i and hence uj-^iSj = u'-^^tj. 
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Proof. Suppose that for some 1 < to < ^ we have that (si)i<m — (ti)i<m- We 
will show that Sm — tm- Let F — U^^„jSj and G = u''j^^tj. Since Uj-^^Sj CI u'^^fj, 
we get that F C G. Moreover since \sm\ < ■ ■ • < and \tm\ < • • ■ < we easily 
conclude that Sm{j) = F{{j — — to + 1) + 1), for all 1 < j < |sm| and similarly 
tmU) = G((j - l){l - TO + 1) + 1), for all 1 < j < \t^\. Hence, as F C G, we 
get that for all 1 < j < min{|tm|, |sm|}, Sm(i) = tmij)- Therefore Sm and t„i are 
C-comparable which by the thiness of T implies that Sm = tm- By induction we 
have that Sj = tj for all 1 < j < Z. □ 

Lemma 1.10. Let be a regular thin family. Then for every (sj)j^i G Plm{F) 
we have that |si| < ... < |s;|. 

Proof. It suffices to prove it for I = 2. Assume on the contrary that there 
exists a plegma pair (si,S2) in T with |si| > |s2|. We pick s G [N]<°° such that 
\s\ = |si|, S2 □ s and s{\s2 \ + 1) > maxsi. By the definition of plegma, we have 
that for every 1 < A: < |s2|, si{k) < S2{k) = s{k). Hence, for every 1 < k < \si\, we 
have that si(k) < s{k). By the spreading property of we get that s G J^. Since 
S2 is a proper initial segment of s we get that S2 ^ .F, which is a contradiction. □ 

Lemma 1.11. Let be a regular thin family. For every Z g N let 

Then for every Z e N and M e the family Ui{T \ M) is thin and the map 

Plmi[T \ M) -> Ui{F \ M) is 1-1 and onto. 

Proof. Let (sj)^-^i e Plmi{T \ M) C Plmi{F). By Lemma [HO] we have that 
|si| < ■ • ■ < Hence the result follows readily by Lemma [1.91 □ 

Proposition 1.12. Let M be an infinite subset of N, / G N and be a regular 
thin family. Then for every finite partition Plmi(J- \ M) — U^^j^Aj, there exist 
L e [M]°° and 1 < jo < p such that Plmi{F \ L) C A.j^,. 

Proof. Let U =Ui{T \ M) and for I < j < p, let U^i^ = {U^^^s, : (si)-=i € 
Aj). Then U = U^^^W^^) and by Lemma[rTl] we have that U is a thin family and 
{U^-'''Yj^i is a partition of lA. Hence by Theorem 11.51 there exist jo and L £ [M]°° 
such that U \ L<Z Z^O"). Since L e [M]°° we have that U \ L = Ui{T \ L). Hence 
Plmi{F \ L) Q Aj„. □ 

Let J" C [N]<°°, ; e N, M € [N]°° and A C Plmi{F). We wiU say that A 
is large in M if for every L £ [M]°° we have that A n Plmi{F \ L) 7^ 0. Under 
this terminology the following corollary is an immediate consequence of Proposition 

[m 

Corollary 1.13. Let J" be a regular thin family , M £ [N]°° and I £ N. Let 

A C Plmi{T) be large in M. Then for every M' £ [M]°°, there exists L £ [M']°° 
such that Plmi{F \ L) Q A. 

3. Plegma preserving maps 

In this section we introduce the definition of plegma paths in finite subsets of N. 
Using such paths we study maps from a regular thin family into the finite subsets of 
N which preserve plegma pairs. The main result is Theorem 1 1 . 2 31 where it is proved 
that if F^Q are regular thin families with o{F) < o{Q) then there is no plegma 
preserving map from T to Q. 
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3.1. Plegma paths of finite subsets of N. 

Definition 1.14. Let k £ N and sq, Sk be nonempty finite subsets of N. We will 
say that (sj)*^^g is a plegma path of length k from sq to Sk, if for every < j < fc — 1, 
the pair (sj, Sj+i) is plegma. Similarly a sequence (sjOjgn of nonempty finite subsets 
of N will be called an infinite plegma path if for every j & N the pair (sj, Sj+i) is 
plegma. 

Lemma 1.15. Let sq, s be two nonempty finite subsets of N such that sq < s. Let 
(sq, • • . , Sfc-i, s) be a plegma path of length k from sq to s. Then 

k > min{|si| : < i < fc - 1} 

Proof. Suppose that fc < min{|si| : < i < fc - 1}. Then < sa;_i(2) < 
Sfe_2(3) < . . . < si(fc) < SQ{k + 1), which contradicts that sq < s. □ 

For a family J- C a plegma path in J- is a (finite or infinite) plegma 

path consisted of elements of J-. It is easy to verify the existence of infinite plegma 
paths in whenever is very large in an infinite subset L of N. In particular let 
s € T \ L satisfying the next property: for every j = l,...,|s| — 1 there exists I G L 
such that s{j) < I < s{j + l). Then it is straightforward that there exists s' £ F \ L 
such that the pair (s, s') is plegma and moreover s' shares the same property with 
s. Based on this one can built an infinite plegma path in T consisted of elements 
having the above property. These remarks motivate the following definition. 

Definition 1.16. Let .7-" be a family of finite subsets of N and L E [N]°°. We define 
the skipped restriction of in L to be the family 

J" ft L = |s e J" t : Vj = 1,..., |s| - 1,3; e L such that s{j) < I < s{j + 1)| 

Notice that if is a regular thin family and L E [N]°° such that T \ L is very 
large in L, then 

T \ \ L = ^s E J- \ L : 3s' E J- \ L such that (s, s') is plegmaj 

Also, by Lemma ri.lO[ we have that the lengths of the elements of any plegma 
path in F forms an non decreasing sequence. This property is a key ingredient of 
the proof of the next proposition. 

Proposition 1.17. Let be a regular thin family and L E [N]°° such that F is 
very large in L. Then for every sq, s E T \ \ L with sq < s there exists a plegma 
path (sq, . . . , Sfe_i, s) in J- \\ L oi length fc = |so| from sq to s. Moreover fc = |so| 
is the minimal length of a plegma path in \ \ L from sq to s. 

Proof. We will actually prove the following stronger result. For every t in the 
closure F \\ L oi F \\ L and s E F \ \ L with t < s there exists an plegma path 
of length \t\ from i to s such that all its elements except t belong to W L. The 
proof will be done by induction on the length of t. The case \t\ — 1 is trivial, since 
(t, s) is already a plegma path of length 1 from t to s. Suppose that for some fc G N 
the above holds for slW t in F \ \ L with \t\ = fc. Let t E F \\ L with |<| = fc + 1 
and s E F \ \ L with t < s. Then there exist ui < n2 < ■ . ■ < nk+i in N such 
that t = {L{nj) : 1 < j < fc + 1}. We set to = {L{nj - 1) : 2 < j < fc + 1}. 
Notice that by the spreading property of F the element to belongs to F. Since 
F is very large in L, we actually have that <o G J' W L. Thus by the inductive 
hypothesis there exists a plegma path (to, si, . . . , Sk~i, s) of length fc from to to 
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s with Si, . . . , Sfc-1, s Cz J- \\ L. Let I ~ \si\ and mi < ... < mi such that 
si = {L{mj) ■ I < j < I}- Agam by the spreadmg property of it is easy to see 
the fohowing 

(i) |si| > that is ; > fc + 1. 

(ii) toefJTLXJ'WL. 

(iii) There exists a (unique) proper extension sq of to such that sq T \\ L 
and So E io U {i(mj - 1) : k + 1 < j < I}. 

It is easy to check that {t,So) and (so,Si) are plegma pairs. Hence the sequence 
{t, So, ... , Sfc_i, s) is a plegma path of length fc + 1 from i to s with so, . . . , Sk-i, s g 
T \ \ L and the proof is complete. 

Finally by Lemmas 11.151 and 11.101 every plegma path in J- from so to s is of 
length at least |so|. Therefore the path (so, . . . , Sk-i, s) is of minimal length. □ 

Remark 1.18. In terms of graph theory the above proposition states that in the 
directed graph with vertices the elements of \\ L and edges the plegma pairs 
(s,t) in W L, the distance between two vertices so and s with so < s is equal to 
the cardinality of So. 

3.2. Plegma preserving maps between thin families. 

Definition 1.19. Let T C [N]<°° and : J" ^ [N]<°°. We wih say that the map 
if is plegma preserving if for every plegma pair (si,S2) in either {ip{si) , ip{s2)) 
or {{(p{s2)),(p{si)) is plegma. 

A map ip : J- ^ [N]^°° will be called plegma monotone if for every plegma pair 
(si,S2) in F, the pair {if{si),if{s2)) is also plegma. 

Finally a plegma monotone map ip : T ^ will be called plegma canonical 

if in addition it satisfies the following; 

(i) For every plegma pair (si,S2) in J- we have that |(y9(si)| < |(y9(s2)|. 

(ii) For every s € we have that |'y9(s)| < |s|. 

Proposition 1.20. Let be a regular thin family and ^ : T ^ a plegma 

preserving map. Then for every M S [N]°° there exists L G [M]°° such that the 
restriction <p|j^fL of on f i is plegma canonical. 

Proof. By Proposition 11.121 there exists Lq e [Af]°° such that either p\r\La 
is plegma monotone, or for every (si,S2) G Plm2(T \ Lq) the pair {ip{s2), ^{si)) is 
plegma. If the second alternative holds, then for an infinite plegma path {sk)keN 
in T \ Lq, the sequence (min(sfc))fcgN would be a strictly decreasing sequence 
of natural numbers, which is impossible. Hence the restriction (p\j^\La is plegma 
monotone. 

Using Proposition 11.121 once more we get Li e [io]°° such that either for every 
plegma pair (si,S2) in T \ Li, |<y5(si)| < |i^(s2)|, or for every plegma pair (si,S2) 
in t -^1; l</'('Si)| > |</5(s2)|- We will show that the second alternative leads to 
a contradiction. Indeed, suppose on the contrary for every plegma pair (si,S2) in 
T \ Li, \(p{si)\ > \ip{s2)\- Let (s„)„gN be an infinite plegma path in T \ Li. Then 
the sequence (|sra|)„gN forms a strictly decreasing sequence of natural numbers, 
which is impossible. 

Reapplying Proposition 11.121 there exists L2 € [-^1]°° such that either \ip{s)\ < 
|s|, for all s S I" L2, or \f{s)\ > \s\, for all s G T. The second alternative is 
excluded as follows. Firstly, we may assume that T is very large in L2. Let (sj)j>o 
be an infinite plegma path in f L2 • As we have already seen, for every j > we 
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have that sj Cz J- \ \ L2- Since the sequences (mmsj)j>o and (min (^(sj))j>o are 
strictly increasing, there exists jo G such that sq < Sj^ and 1^(50) < vl^jo)- Let 
^0 = |'5o|- Then by Proposition II . 1 71 there exists a plegma path (ii)*'ilQ in F \\ L2 
with Iq — So and tkg = Sj^. Since ip restricted to \ Li is plegma monotone, 
we have that (95(ii))^^o ^^^'^ ^ plegma path of length fco from (^(to) to ip{tko)- 
Hence by Lemma 1 1.1 51 we should have min{|(/?(fi)| : < i < /cq — 1} < /cq, which is 
impossible since \f{ti)\>\ti\>ko. □ 

Definition 1.21. Let T C [N]<°° and L e We define 

J"(L-i) = {te[N]<°°:L(<)e J"} 

It is easy to see that for every family of finite subsets of N and L € the 
following hold 

(a) If T is very large in L, then the family J^(L^^) is very large in N. 

(b) If T is regular thin then so does the family J^{L^^). 

(c) o{T{L~^)) — o{F \ L). In particular if T is regular thin then then 
o(J-(L-i)) = o(^). 

Lemma 1.22. Let be a regular thin family and tp : T ^ a plegma 

preserving map. Then for every M E [N]°° there exists L S [M]°° such that if 
ip : T{L-^) -5> [N]<°° is defined by = v[L{t)) for every t e then the 

following are satisfied: 

(a) The map ^ is plegma canonical. 

(b) For every t G J^{L~^) and every i < \ip{t)\, we have that > t{i). 

Proof. By Proposition 11.201 there exists Li € [M]°° such that the restriction 
'fi\j^\Li of if on \ Li is plegma canonical. We may assume that T is very large 
in Li. Let ^pi = ip o Li : J^{L^^) — > It is easy to check that tpi is plegma 

canonical. 

Claim: For every u e J^{L^^) \\ N and 1 < i < |'!/'i(u)|, we have u{i) < 
tpi{u){i). 

Proof of Claim. We will show that for every i g N the following holds: for 
every u e J^{L^^) \\ N with i < \ipi{u)\, u{i) < ^i{u){i). Indeed, let z = 1 and let 
u e T{L^^) N. If -it(l) = 1 then obviously > 1 = u(l). Suppose that for 

some fc e N and every u' G J-{L^^) \\ N with u'(l) ~ k we have that 7/;i(u')(l) > k. 

Let u e J"(L]~^) \ \ N with u(l) = k + 1. Since J^{L^^) is regular and very large in 
N there exists a unique u' € T{L^^) with u' C u — 1 = {u{i) — 1 : 1 < i < 
Then is an plegma pair and w'(l) — k. Since ipi is plegma canonical we 

have that {tpi{u'),^i{u)) is plegma. Hence V'i(w)(l) > ■0i(w')(l) > u'{l) = k, 
that is ipi{u){l) > k + 1 = u{l). By induction on A: = u(l), we get that for all 

Suppose now that for some i € N, it holds that for every ffN 
with i < \ipi{u')\, u'{i) < 'il^i{u'){i). Let u e T{L^^) \\ N with i + 1 < \il^i{u)\. 
Clearly there exists u' e TiL^^) \] N such that {u{p) - 1 : 2 < p < C u' . Then 
(m, u') is plegma, |u| < and u{i + 1) = u'{i) + 1- Since -ipi is plegma canonical, 
(-01 (u), -01 (""')) is plegma and i + 1 < |i/'i(u)| < |'0i(w')|. Hence, ^pi{u){i + 1) > 
^pi{u'){i) > u'{i) = u{i + 1) — 1, that is 'ipi{u){i + 1) > u{i + 1). By induction on 
i E N the proof of the claim is complete. □ 
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Let A^o — {2p : p G N} and L = Li{Nq). It is easy to check that for every 
t e T{L-^), No{t) = 2t = {2t{i) : 1 < i < \t\} and No{t) e T{L-^) \] N. Let 
tp ^ (f o L. Then ip — tpi o Nq. Indeed for every t E F{L^^) 

m - vim) = v{Li{Na{t))) = MNoit)) 

Then for every t and 1 <i< jV'lOl we have that = Vi(^o(i))(i) > 

No{t)(i) = 2t(i) > t{i). □ 

Theorem 1.23. Let Q be regular thin famihes. If o{F) < o{Q) then there is no 
plegma preserving map from to Q. Precisely for every ip : T Q and Ms [N]°° 
there exists L G [M]°° such that for every (si,S2) plegma pair in |" L neither 
((/)(si)Xs2)) nor (0(52), 0(si)) is plegma. 

Proof. Assume on the contrary that there exists ip : J- ^ G plegma preserving 
map. By Lemma [1.221 there exists L G [N]°° such that if ip '■ ^{L~^) Q \s defined 
by ipit) = f{L{t)) for every t g T{L~^), then the following are satisfied: 

(a) The map ip is plegma canonical. 

(b) For every t E F{L^^) and every i < \ip{t)\, we have that ip{t){i) > t{i). 
Since o(J-"(L~^)) — o{F) < o{G), by Proposition 11.61 we have that there exists 
iV G [N]°° such that 

(2) T{L-^)\Nng\N 

We are now ready to derive a contradiction. Indeed, pick to e J^{L^^) \ \ N. Then 
^0 G G \ G- But then by ([2]) and the spreading property of G we should have 
ipito) G G \ G which is impossible. □ 

Remark 1.24. As we will show in Corollarv 12.121 if o(J^) < o{G) then for every 
M e [N]°° there exist N £ [N]°° and a plegma canonical map ip : G \ N ^ \ M . 



CHAPTER 2 



The hierarchy of spreading models 



In this chapter we will introduce the notion of higher order spreading model, 
which is a generalization of the classical one defined by A. Brunei and L. Sucheston 
in [5] . The main new ingredient here is the concept of an J^-sequence in a Banach 
space, where is a regular thin family. The J^-sequences generate the J^-spreading 
models in a similar way as the usual sequences generate the classical spreading 
models in a Banach space X. The J^-sequence and the corresponding spreading 
model are connected through the concept of plegma. The proof of the existence of 
J^-spreading models follows similar steps as the standard one of the classical case 
and heavily relies on the Ramsey properties of plegma families stated in Section 
[21 In the second subsection we provide a classification of higher order spreading 
models. More precisely we show that if a spreading model is generated by an J-- 
sequence in a Banach space X, then it is also generated by an J^'-sequence in X, 
where J^' is any other regular thin family with the same order as J-". This explains 
that a spreading model generated by an J^-sequence is completely determined by 
the order of the regular thin family As consequence we provide a classification 
of all spreading models. 



1. Definition and existence of J^-spreading models 

Let X be a Banach space and let be a regular thin family. An J^-scquence 
{xs)s(zjr in X will be called bounded (resp. seminormalized) if there exists C > 
(resp. < c < C) such that \\xs\\ < C (resp. c < \\xs\\ < C) for every s € 

We fix for the sequel a regular thin family T and a bounded J-"-sequence (xs)si^F 
in a space X. 

Lemma 2.1. Let / G N, TV G [N]°° and (5 > 0. Then there exists L e [Nf° such 
that 

I I 
|ll " II H^J'^^J - ^ 

for every (tj)'-^i, {sj)\^i G Plmi{T \ L) and ai, a; G [-1, 1]. 

Proof. Let be a ^-net of the unit ball of R' with || • ||oo. We set Nq = 

N . By a finite induction on 1 < A; < no, we construct a decreasing sequence A^o 2 
Ni 3 ... 3 as follows. Suppose that Nq, . . . , Nf^^i have been constructed. 
Define gt : Plmi{T \ Nk-i) ^ [0,lC] such that = II , 

where aj. — (0^)^^!. By diving the interval [0,lC] into disjoint intervals of length 
|, Proposition 11.121 yields a A^fe G [Nk-i]°° such that for every (tjO^^i, (sj)^-^i G 
Plmi{F \ Nk), we have IgkHtjYj^i) — gk{isj)j^i)\ < |. Proceeding in this way we 
conclude that for every {sjYj^i, G Plmi{F \ Nng) and 1 < fc < no we have 
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that 



I 



S 

< - 
- 3 



Taking into account that (aj)"^-^ is a |— net of the unit baU of {M}, \\ ■ ||oo) it is easy 
to see that L = Nng is as desired. □ 

Using standard diagonohzation arguments we get the fohowing. 

Proposition 2.2. Let be a regular thin family, ((5„)„ be a decreasing null se- 
quence of positive real numbers and {xs)si£j^ an J^— sequence in a Banach space X 
with \\xs\\ < C, for some constant C > 0. Then for every N e [N]°° there exists 
M e [N]°° such that for every 1 < fc < / e N, (sj)*^^i € Plmk{T \ M) with 

si(l),ti(l) > M(^) and ai, e [—1, 1], we have that 



E 



a, a;*. 



fe 



Hence for every I E N and ai, ...,a; G K and every sequence ((s^ 
Z— tuples in \ M with s"(l) -> oo the sequence (|| Yl\=i ^j^" 



jriGN 



of plegma 
is Cauchy, 



with the limit independent from the choice of the sequence {{s^)j=i)n<£¥i- 

In particular there exists a seminorm || • ||* on coo(N) under which the natural 
Hamel basis (e„)„ is a 1-subsymmetric sequence and 



fc 

E' 



fc 

E' 



Let us notice that there do exist bounded J^-sequences in Banach spaces such 
that no seminorm resulting from Proposition 12.21 is a norm. Also we should point 
out that even if the || • ||* is a norm the sequence (e„)„gN is not necessarily Schauder 
basic. In the sequel we shall give sufficient conditions for the semimorm to be a norm 
and later for the sequence (e„)ngN to be a Schauder basic or even an unconditional 
one. 

Definition 2.3. Let X be a Banach space, be a regular thin family, {xs)seT 
be an J^-sequence in X and AI G Let {E, || • ||*) be an infinite dimensional 

seminormed linear space with Hamel basis (e„)„gN- 

We will say that the J^-subsequence {xs)seJ^\M generates (e„)„gN as an T- 
spreading model if the following is satisfied. There exists a null sequence (i5„)„gN 
of positive reals such that 



E 



fc 

E 



<Si 



for every 1 < k < I, every plegma fc-tuple {sj)j^i G Plmk{J- \ M) with si(l) > 
Mil) and every choice of ai,...,afe G [—1,1]. 

We will also say that [xs)seT admits (e„)„gN as an J^-spreading model if there 
exists M G [N]°° such that the subsequence {xs)s(zjr^M generates (e„)„gN as an 
J^-spreading model. 

Finally, for a subset A of X , we will say that (e„)„gN is an J^-sprcading model 
of A if there exists an J^-sequence {xs)sej^ iu A which admits {en)n&i as an T- 
spreading model. 
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The next remark is straightforward by the above definition. 

Remark 2.4. Let be a regular thin family and {xs)seT an J^-sequence in a 
Banach space X. Let M £ [N]°° such that {xs)seT\M generates (e„)„gN as an 
J^-spreading model. Then the following hold. 

(i) The sequence {en)neN is 1-subsymmetric, i.e. for every n G N, ai, . . . , a„ g 
M and fci < . . . < fc„ in N, || J2i=i = || X]"=i "i^fc^ ||*. 

(ii) For every M' e [M]°° we have that {xs)seJ^\M' generates (e„)„gN as an 
J^-spreading model. 

(iii) For every ((5„)„gN null sequence of positive reals there exists M' £ [M]°° 
such that {xs)seJ^\M' generates (e„)„gN as an J^-spreading model with 
respect to (5„)„eN- 

(iv) If II • 11,111 • III are two equivalent norms on X , then every J-"-spreading 
model admitted by {X, \\ • ||) is equivalent an J^-spreading model admitted 

by (X, III -111). 

Remark 2.5. Let (a;s)sg[N]fc be an [N] '^-sequence in a Banach space X and M E [N]. 
We set Us = xm{s), for all s E [N]*^. Then it is straightforward that the [N]*^- 
subsequence {xs)se[M]'' generates an [N] '^-spreading model (e„)n e N iff the [N]*^- 
sequence (ys)se[N]'' generates (e„)n e N as an [N] '^-spreading model. 

Remark 2.6. Let X be a Banach space, be a regular thin family, {xs)s£T be 
an J^-sequence in X and M E [N]°°. Let {E,\\ ■ ||*) be an infinite dimensional 
seminormed linear space with Hamel basis (e„)„gN- Assume that there exists a 
null sequence (^n)nGN of positive reals such that 



I I 



<5, 



for every I E N, every plegma /-tuple {sjYj^i E Plmi{J- \ M) with si(l) > M{1) 
and every choice of ai,...,a; E [—1,1]. Then we may pass to an L S \M\°° such 
that {xs)seT\L generates (e„)„gN as an J"-spreading model. It is enough to set 
L = {M (1 + Ylj^i j -1) : p E N}. This set has the property that for every / E N 
there exist I — 1 elements of M between L{1) and L{1 + 1). So every plegma fc-tuple 
after L{1), with 1 < k < I, in \ L can be extended to a plegma /-tuple after 
L{1) > M{1) in F \ M. 

Under the Definition 12 . 31 we get the following reformulation of Proposition [221 



Theorem 2.7. Let be a regular thin family and X a Banach space. Then every 
bounded J^-sequence in X admits an J^-spreading model. 

In particular for every bounded J^-sequence {xs)s&t in X and every N E [N]°° 
there exists M E [N]°° such that {xs)seJ^\M generates J-"-spreading model. 

2. Spreading models of order ^ 

We start with some combinatorial properties of regular families. 
2.0.1. Embeddings of regular families and plegma preserving maps. Let L E 
[n]°°. We define 

T{L) = {L{s) : SET} 
Notice that o(J^) = o{F{L)) and if F is compact (resp. hereditary) then J-{L) is 
also compact (resp. hereditary). We will need the following easily verified lemma 
concerning the structure of families of the form J-{L) for a spreading family 
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Lemma 2.8. Let be a spreading family of finite subsets of N. Then 

(i) For every Li C L2 in [N]°°, we liave that F{Li) C ^"(^2). 

(ii) For every fc e N, Li,L2 € [N]°° with {Li{j) : j > k] <Z {LsO') : j > k}, 
we have that J'(fe)(Li) C J"(fe)(L2) (where J^(k){L) = {^(s) : s e J"(fc)}). 

Theorem 2.9. Let J^, be regular families of finite subsets of N with o{T) < o{Q). 
Then for every Me there exists L e [M]°° such that T{L) C CJ. 

Proof. If o(J^) < then the conclusion trivially holds. Suppose that for some 
^ < wi the proposition is true for every regular families J-'jG' C such that 

o(J"') < C and o(J"') < oiG'). Let J", G be regular with o(J") = ^ and let M e [N]°°. 
By dl]) we have that o(J"(i)) < o(J^). Hence o(J^(i)) < o(t?) and so again by ^ 
there is some li e N such that o(J^(i)) < o(5(/^)). Since C/ is spreading we have 
that o{G(ij^)) < o{G{n)) for all n > h and therefore we may suppose that li G M. 
It is easy to see that and G{ii) are regular famihes. Hence by our inductive 
hypothesis there is Li € [M]°° such that C G(ii)- 

Proceeding in the same way we construct a strictly increasing sequence h < 
I2 < ... in AI and a decreasing sequence M — Lq D Li D ... oi infinite subsets of M 
such that for all j > 1, the following properties are satisfied. 

(i) Ij+i e Lj. 

(ii) Ij+i > Lj{j). 

(iii) T^j){Lj) C Gii^). 

We set L = We claim that T{L) C G- Indeed, by the above construction 

we have that for every k G N, {L{j)}jyk C {Lk{j)}j>k- Therefore by the second 
part of Lemma 12.81 and the third condition of the construction we get that 

(3) ^(k){L)CT^k){Lk)'^Gii,) 

It is easy to see that F[k){L) = J-{L)(^i^) and so by fSj wc have that F{L)(^i^) C G{i^)- 
Since this holds for every /c e N, we conclude that F{L) C G. □ 

Corollary 2.10. Let J^,G be regular families of finite subsets of N with o(J-") = 
o{G). Then for every Me [N]°° there exists L e [M]°° such that J"(L) C G and 
G{L) C T. 

Proposition 2.11. Let TjG be regular thin families with o{J-) < o{G)- Then 
there exists Lq e [N]°° such that for every M e there exist TV e [N]°° and 

ip : G \ N ->■ T \ M such that Lo{(p{t)) C t, for al\teG\N. 

Proof. By Theorem [2J] there exists Lq e [N]°° such that T{Lo) C g. Let 
M e [N]°°. Also notice that J-{Lo) and ^ are large in Lo{M). Hence by Theorem 
11.31 there exists N e [Lo{M)]°° such that J-{Lo) and G are very large in N. Since 
j'(Lo) C ^ we get that J"(Lo) t E 5 t iV- To define the map f : G \ N ^ \ M , 
let t e 5 \ N. Then there exists a unique s e J^{Lq) \ N such that s C t. We set 
(f{t) — s, where s is the unique element of J- with Lq{s) — J. □ 

An immediate consequence of the above proposition is the following corollary 
which is related to Theorem 1 1 . 231 and Remark 1 1.241 

Corollary 2.12. Let J^,G be regular thin families with o{J-) < o{G). Then for 
every AI e there exist A e and a plegma canonical map (p : G \ N ^ 

T \ M. Moreover for every I e N and every plegma ^-tuple {si)\^i va. G \ the 
Z-tuple (</5(si))-^;^ is also a plegma in J" |~ M. 
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2.0.2. Classification of J- -spreading models. 



Proposition 2.13. Let T,Q be regular thin families with o{J-) < o{G)- Let X be 
a Banach space and {xg)s£jr be an J^-sequence in X which admits an J-"-spreading 
model (e„)„gN. Then there exists a ^-sequence (Xf)tgg such that {x'^ ■ t £ Q} <Z 
{xs : s G J^}, which admits the same sequence (e„)„gN as a ^-spreading model. 

Proof. Let M e [N]°° such that {xs)s£T\m generates (e„)„gN. By Proposition 
[2JT] there exist N e [N]°° said ip : g \ N ^ T \ M such that Lo{ip{t)) C i, for aU 
t £ g \ N. Using the map ip we define a ^/-sequence {x'f.)t^g as follows. For every 
t £ g \ N we set x'^ = x^(^t) and for every t £ g\{g f TV) let x^ be an arbitrary 
element of {xg : s £ F}. We will show that {x[)t^g\N generates (e„)„gN- Indeed, 
let \ such that 



fc 



fc 



<5i 



for every 1 < fc < Z, every plegma fc-tuple (s^O^^i in f M with si(l) > M(Z) and 
every choice of ai, G [—1, 1]. Let Z S N, 1 < fc < Z, be a plegma fc-tuple 

in ^ t with ti{l) > N{1) and ai, ...,afe e [-1, 1]. Let Sj = £ T \ M, for 

all 1 < J < fc- By Corollarv l2.12[ we have that {sjY^^i is plegma. Moreover since 
N £ [Lo(Af)]°°, si(l) > M(0. Therefore, 



k 

IE' 



fc 



E "^i^sj 

.7 = 1 



E' 

i=i 



'3^3 



□ 



Corollary 2.14. Let J^, C/ be regular thin families and o(J^) = o{g). Then (e„)„gN 
is an J^-spreading model of A iff (e„)„gN is a ^-spreading model of A. 

The above permits us to give the following definition. 

Definition 2.15. Let A be a subset of a Banach space X and 1 < ^ < be a 
countable ordinal. We will say that (e„)„gN is a ^-spreading model of A if there 
exists a regular thin family T with o(J^) = ^ such that (e„)„gN is an J^-spreading 
model of A. The set of all ^-spreading models of A will be denoted by SA4^{A). 

Proposition 12. 131 also yields the following. 

Corollary 2.16. Let X be a Banach space and A C X. Then SM(;{A) C SM^{A), 
for all 1 < ( < ^ < wi . 

In the end of this section, for every 1 < ^ < wi we give an example of a space X^ 
with a Schauder basis and a subset A C X^ (actually A is consisted by the elements 
of the Schauder basis of X^) such that there exists a sequence (e„)„gN S SA4^{A) 
which is not equivalent to any {yn)neN in SM(^{A) for all C < 

The above reveals the following problems. 

Problem 1. Let < oji. Does there exist a Banach space X and (e„)„gN € 
SM^{X) such that (e„)„gN is not equivalent to any (y„)„gN in 5A^^(X) for all 

c<e? 

In Chapter [U Problem [1] is answered affirmatively for all finite as well as all 
countable limit ordinals. 
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Problem 2. Does for every separable Banach space X exist ^ < wi such that for 
every C > SMciX) = SM^iX)-? 

Problem [5] can be also stated in an isomorphic version, i.e. every sequence in 
SA4(^{X) is equivalent to some sequence in SM^{X) and vice versa. Any version 
of Problem [2] remains open. 

We close this section by giving an example which shows that for every ^ < ioi 
there exists a Banach space such that its base generates an £^ spreading model 
of order ^ while it does not admit any £^ spreading model of order C, for all C < 

Example 1. Let 1 < < wi and be a regular thin family of order ^. We denote 
by (es)sgjr the natural Hamel basis of coo{T). For x G coo{T^) we set 
I 

\\x\\ = sup { ^ \x{s^)\ : / e N, e PlmiJ") and / < 

i=l 

We set X^ = {coo{T), \\ ■ ||) and A = {cs : s E J^}. It is easy to see that the natural 
basis (e„)„eN of £^ belongs to SM^{A). We shall show that every {xn)nefi & 
SA4q{A) with C < C is not equivalent to the £^ basis. 

Indeed, assume on the contrary that there exist a regular thin family Q with 
o{G) < ^ and {xt)teg a ^-sequence in A admitting a ^-spreading model {wn)neti 
equivalent to the £^ basis. Let :Q ^ T defined by the rule Lp(i) — s\ixt — Cg. Let 
L e [N]°° such that {xt)tegtL generates as C/-spreading model the sequence (w„)„gN. 
Theorem 11.231 vields that there exists M G [L]°° such that for every plegma pair 
(^1,^2) in \ M neither {ip{ti),ip{t2)), nor ((^(^2), V'(^i)) is a plegma pair. Since 
{xt)t(Eg\Ai also generates {'Wn)neN a C/-spreading model there exists c > such 
that for every fc G N there exists {ti,...,tk) G Plmk{Q \ M) with [xt^, . . . ,Xt^) 
c-equivalent to the natural basis (ei, . . . , Cfc) of £\. Since ■ . ■ , ^{tk)) cannot 

contain a plegma pair, by the definition of the norm, we have that (e<^(tj^) , . . . , e^(t^_)) 
is isometric to the basis of Since e^(t.) = xj. we conclude that there exists c > 
such that for every k, £'^ is c equivalent to £\ and this yields a contradiction. 



CHAPTER 3 



Topological and combinatorial features of 
J^— sequences and norm properties of J^— spreading 

models 

In this chapter we present several topological and Ramsey results concerning 
J^-sequences for an arbitrary regular thin family T . Our main aim is to apply 
them in the theory of T spreading models and in particular to provide necessary 
and sufficient conditions for an J^-spreading model to be either a nontrivial or a 
Schauder basic or an unconditional one. 

1. J^-sequences in topological spaces 

In this section we deal with the topological properties of J^-sequences in topolog- 
ical spaces (X, T). In the first two subsections we extend the classical definition of 
convergent and Cauchy sequences and wc present some related results. In the third 
subsection we proceed to the study of J-"-sequences with relatively compact metriz- 
able range. Specifically, the concept of the subordinated /"-sequence is introduced 
in order to capture the following topological fact: Every map : T ^ (X, T), with 
compact metrizable, is locally continuously extendable to all of J^, i.e. for every 
Me [N]°° there exist L € [M]°° and a continuous extension ip : ^ \ L ^ {X,T). 

1.1. Convergence of J^-sequences. 

Definition 3.1. Let {X,T) be a topological space, a regular thin family, M G 
xq & X and {xs)s^jr an /"-sequence in X. We will say that the /"-subsequence 

{xs)sGJ^tM converges to xq if for every open neighborhood U of xq there exists m S N 
such that for every s S /" f M with mins > M{m) we have that Xg S U . 

Remark 3.2. 

(i) It is immediate that if an /"-subsequence {xs)seJ^\M in a topological space 
is convergent to some xq, then every further /"-subsequence is also con- 
vergent to Xq. 

(ii) It is also easy to see that for families /" with o(/") > 2, the convergence of 
an J^-subscqucnce {xs)s£j^\M does not in general imply the corresponding 
relative compactness of its range. 

(iii) Let (a;„)„gN be a convergent sequence to some xq in a topological space. 

Then for every regular thin family /" and every 1-1 map from /" to {a;„}„gN 
the corresponding /"-sequence is convergent to xq. 

Definition 3.3. Let {X,p) be a metric space, /" a regular thin family, M G [N]°° 
and {xs)s€J' an /"-sequence in Y. We will say that the /"-subsequence {xs)seJ^\M 
is Cauchy if for every e > there exists to € N such that for every Si, §2 € /" \ M 
with minsi,mins2 > M{m), we have that p{xs^,Xs^) < e. 
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Proposition 3.4. Let M E [N]°°, be a regular thin family and {xs)seJ' be an 
.7-"-sequence in a complete metric space {X, p). Then the J^-subsequence {xs)si£J^\m 
is Cauchy if and only if {xs)seJ^\M is convergent. 

Proof. If the J^-subsequence {xs)s£T\m is convergent, then it is straightfor- 
ward that {xs)seJ^\M is Cauchy. Concerning the converse we have the following. 
Suppose that the J^-subsequence {xs)seJ^\M is Cauchy. Let (s„)„gN be a sequence 
in I" M such that mins„ oo. It is immediate that {xs„)n<£N forms a Cauchy 
sequence in X. Since {X,p) is complete, there exists x E X such that the sequence 
{xs„ )niEN converges to x. We will show that the J-"-subsequence {xs)sej^\M converges 
to x. Indeed, let e > 0. Since {xs)sej^iM is Cauchy, there exists /co € N such that 
for every ii,t„ g f M with minii,mint2 > Mik^) we have that p{xt^^Xt2) < f ■ 
Since the sequence {xs^)n£n converges to x and mins„ — > oo, there exists no G N 
such that mins„o > M{kQ) and p{x,Xs„^^) < e/2. Hence for every s G J- \ M such 
that mins > M(fco), we have that p{x,Xs) < p{x,Xs^ ) + p{xs„^,Xs) < e and the 
proof is completed. □ 

1.2. Plegma e-separated J^-sequences. 

Lemma 3.5. Let M E be a regular thin family and {xs)seT an J^-sequence 

in a metric space {X,p). Suppose that for every £ > and every L E [M]°° there 
exists a plegma pair (si,S2) in T \ L such that p{xs-i,Xs2) < £■ Then the F- 
subsequence (a;s)sgjrfAf has a further Cauchy subsequence. 

Proof. Let {en)nm be a sequence of positive reals such that Yl^=i < oo- 
Using Proposition 1 1.12[ we inductively construct a decreasing sequence {Ln)n&i in 
[M]°°, such that for every n g N and for every plegma pair (si, S2) in F \ Ln we 
have that p{xsi,Xs2) < £n- Let L' be a diagonalization of (in)neNj i-c L'{n) E i„ 
for all n G N, and L = {U(2n) : n G N}. 

We claim that the J"-subsequence {xs)seJ^\L is Cauchy. Indeed let e > 0. There 
exists no G N such that X^^^no ^" § ■ ^0 be the unique initial segment of 
{L(n) : n > uq} in F. If maxso = L{k) then we set kg = k + I. Then for every 
si,S2 G \ L with minsi,mins2 > L{ko), by Proposition II . 1 71 there exist plegma 
paths (s])jll?[, in I" L' from so to si, S2 respectively. Then for i = 1, 2 we 



Definition 3.6. Let e > 0, L G be a regular thin family and {xs)s£T an 

J^-sequence in a metric space X. We will say that the subsequence {xs)si£J^\l is 
plegma e-separated if for every plegma pair (si, §2) in T \ L, p{xs^, Xs^) > e. 

The following proposition is actually a restatement of Lemma 13.51 under the 
above definition. 

Proposition 3.7. Let M E [N]°°, ba a regular thin family and {xs)s€T an 
J^-scquence in a metric space X. Then the following are equivalent. 

(i) The J^-subsequence {xs)sej^\M has no further Cauchy subsequence. 

(ii) For every N E [M]°° there exists L E [N]°° and e > such that the 
subsequence {xs)seJ^\L is plegma e-separated. 



have that 




3=0 

which implies that p(xs-^, XS2) < £■ 



3=0 



□ 
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1.3. Subordinated J^-sequences. 

Definition 3.8. Let {X, T) be a topological space, be a regular thin family, M S 
[N]°° and {xs)seT be an J^-sequence in X. We say that {Xs)sgt\m is subordinated 
(with respect to {X, T)) if there exists a continuous map (p : F \ M — > {X, T) with 
(p{s) = Xs, for all s G t M. 

Remark 3.9. If {xs)seJ^\M is subordinated then we have that 

{x,:seJ^\ M} = ^[J^ \ M], 

where {xg : s E T \ M} is the T-closure of {xs : s E T \ M} in X . There- 
fore {xg : s E J- \ M} is a countable compact metrizable subspace of {X, T) with 
Cantor-Bendixson index at most o{J-) + 1. Moreover notice that if {xs)seJ^iM is 
subordinated then for every L E [M]°°, we have that {xs)seJ^\L is subordinated. 

Proposition 3.10. Let {X,T) be a Hausdorff topological space, a regular thin 
family, M E , xq E X and {xs)sgJ' an J"-sequence in X. Suppose that the 
J^-subsequence {xs)seJ^\M is convergent to xq and subordinated. Let ip : T \ M ^ 
{X, T) be the continuous map witnessing it. Then ^(0) = xq. 

Proof. By passing to a further infinite subset of M if it is necessary, we may 
assume that is very large in M . Assume on the contrary that that xq ^ <?(0). 
Since (X, T) is Hausdorff there exist V,V' E T with xq E V and ^(0) E V such 
that V r\V' ^ ^. By the convergence of {xs)s£T\m to xo, there exists m e N such 
that Xs EV for every s E T \ M with min s > M(m). By the continuity of ^ there 
exists mi E M with mi > M{m) and (p{{mi]) E V . Similarly there exists m2 E M 
with m2 > mi such that ^{{mi,m2}) E V and so on. Since J- is very large in M, 
there exists a /c G N such that s = {mi, mk] E T and (p{s) — Xs E V . Moreover, 
since min(s) > M{m), we should also have Xg E V, which is a contradiction. □ 

Proposition 3.11. Let {X,T) be a topological space, be a regular thin family 
and {xs)sej^ be an J^-sequence in X such that {xs : s E J^} is a compact metrizable 
subspace of iX,T). Then for every M E [N]°° there exists L E [M]°° such that 
(xs)sgjF-fL is subordinated. 

Proof. We will use induction on the order of J^. If o(J^) ~ 0, i.e = {0} 
there is nothing to prove. Assume that for some ^ < oji, the conclusion of the 
proposition holds for every family of order lower than 5. Let be a regular thin 
family of order ^ and M E [N]°°. For every n E M we have that o(J^(„)) < o{F) = ^. 
Let Lq = M and h = minLo- For every s E ^{i^), we set x\ = x^j^jus- Since ^{i^) 
is also a regular thin family (see Remark II. 4[) , by the inductive hypothesis there 
exists Li E [Lq \ such that {x\)seT^l^)\Ll is subordinated. Moreover since 

{x\ : s E \ Li} is compact metrizable, using Theorem [13] and Remark l3.9l we 

may also suppose that diam({a;J : s E ^{i^) \ Li\) < 1. Proceeding in the same 
way, we construct by induction a strictly increasing sequence (?n)neN, a decreasing 
sequence (in)^o infinite subsets of N, such that setting x" = a:^{/„}us for all 
s E \ Ln the following are satisfied 

(i) For every n G N, Z„ = minL„_i and L„ G [i„-i \ {ln}]°°- 

(ii) The sequence (2:")seJF'(j^) fL„ is subordinated. 

(iii) diam({x^ : s E T(i^) \ L„}) < i. 
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Let be the map witnessing that (xs)a^J=(i^) is subordinated. Let V = : n G 
N}. Let Xn = ipni^), n gN and choose N e [N]°° such that the sequence {xn)neN 
is convergent. We set L = L'{N) and we define cp : T \ L X as follows. For 
s = 0, we set ^(0) = lini„gjva;„ and for s ^ 0, we set (p{s) = (pn{s \ {In}), where 
In = mins. Using that lim„_).oo diam{^(s) : s G \ L and mins = L{n)} — >■ 
and hence If is continuous at s = 0. For all other s G \ L the continuity of (p 
follows easily by the continuity of □ 

2. Trivial spreading models 

In this section we provide equivalent conditions for the seminorm || • \\^ of a 
spreading model of any order to be a norm. To this end we define the trivial se- 
quences in a seminormed space and we show that the seminorm || • ||* is not a norm 
iff the spreading model is trivial. Moreover we study the topological behavior of 
J-"-sequences which generate trivial spreading models. Among others we prove that 
an J^-sequence admits a trivial spreading model iff it contains a norm Cauchy sub- 
sequence. This generalizes the classical Brunel-Sucheston condition for spreading 
models of any order. 

Proposition 3.12. Let {E, j| • be an infinite dimensional seminormed linear 
space with Hamel basis (e„)„gN such that (e„)„£N is 1-subsymmetric with respect 
to II • II*. Then the following are equivalent: 

(i) The seminorm || • ||* on is not a norm, i.e. there exists x G E such that 
a; 7^ and ||a;||* = 0. 

(ii) For every n,?n € N, ||e„ — e„i||* = 0. 

(iii) For every n € N and ai, a„ G M , we have that 



ei 



Proof. The implication (ii)=>(i) is straightforward. To show the converse let 



En 
.7 = 1 ' 



G E such that x 7^ and 



= 0. By the linear independence and 



1-subsymmetricity of (e„)„eN we may suppose that aj ^ for all 1< j <n. Again 
by the 1-subsymmetricity of (e„)„gN we have that 



n-1 

E 



^3^3 ^n^n+l 







which yields that 



e„+i 



n-1 



n-1 







By the 1-subsymmetricity of (e„)„gN the result follows. 

The equivalence between (ii) and (iii) is immediate using the 1-subsymmetricity 
of the sequence (e„)„gN- D 

Definition 3.13. Let {E, \\ ■ ||*) be a seminormed space and (e„)„gN be a sequence 
in E. Then (e„)„£N will be called trivial if 



(4) II E"'*^* * " I E' 

i=l * i=l 

for all n G N and oi , . . . , a„ G M. 



ei 
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Remark 3.14. We note that (jl]) in the above definition yields that a sequence 
(en)neN is not a Schauder basic sequence. In particular if we assume that the 



associated projections 
for all n€N. 



e: 



are uniformly bounded then 



Remark 3.15. First notice that every trivial sequence (e„)„gN in any seminormed 
space (-E, II ■ ||*) is 1-subsymmetric. Moreover we may point out the following 
concerning trivial sequences. 

Let be a regular thin family. Then every constant J^-sequence {xs)s£T in any 
Banach space X, i.e. there exists x ^ X such that Xs = x for all s ^ J-, generates 
a trivial J^-spreading model. Conversely if (e„)„gN is a trivial Hamel basis of a 
seminormed space [E, \\ ■ ||*), then (e„)„gN can be generated as an J^-spreading 
model of any constant J-"-sequence {xs)s^jr in a Banach space X with Xg — x E X 
for all s G and ||a:|| — ||ei||*. 

Theorem 3.16. Let M € , be a regular thin family and {xs)seJ^ be an J^- 
sequence in a Banach space X. Let {E, \\ ■ ||*) be an infinite dimensional seminormed 
linear space with Hamel basis (e„)„gN such that {xs)seJ^\M generates (e„)„gN as 
an J^-spreading model. Then the following are equivalent: 

(i) The seminorm || • ||* is not a norm on E. 

(ii) The sequence (e„)„gN is trivial. 

(iii) The sequence (e„)„gN is generated as a ^-spreading model by any constant 
^-sequence {yt)t<£g in any Banach space K, such that \\yt\\ = \\s-i\\* for all 
t € G and for every regular thin family Q. 

(iv) The J-"-subsequence {xs)seJ^\M contains a further norm Cauchy subse- 
quence. 

(v) For every e > and every L g [M]°°, the J^-subsequence {xs)seT\L is not 
plegma e-separated. 

(vi) There exists x € X such that every subsequence of {xs)seJ^\M contains a 
further subsequence convergent to x. 

Proof. The equivalence of (i), (ii), (iii) follows by Proposition 13.121 and Re- 
mark [3T5l 

(ii)=>(v): Let e > and L e [M]°°. Since the J^-subsequence {xs)seJ^\L also 
generates the trivial sequence (e„)„gN as an J^-spreading model, there exists ng G N 
such that for every plegma pair (si,S2) in J- \ L with minsi,mins2 > L{no), we 
have that 



ei - 62 



< £ 



and therefore the J^-subsequence {xs)seJ^\L is not plegma e-separated. 
(v)=>(iv): This follows bv Lemma [5751 

(iv)=>(ii): We can easily construct a sequence ((s", S2))rigN of plegma pairs in 
\ M such that s"(l) oo and \\xs^ — Xs]^\\ < Hence 



ei - 62 



lim 

n— f oo 







Thus by Proposition 13 . 1 21 we get (ii). By the above we have that (i)-(v) are equiv- 
alent. 

It remains to show that (ii) and (vi) are equivalent. It is straightforward that 
(vi)=>(iv)=^(ii). Conversely suppose that (ii) holds. Then every subsequence of 
{xs)seJ^\M generates (6„)„gN as an J^-spreading model. Hence, by the equivalence of 
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(ii) and (iv) and Proposition l3.4| every subsequence of {xs)seJ^\M contains a further 
convergent subsequence. It remains to show that all the convergent subsequences 
of {xs)si£j^\Ai have a common limit. Let Li,L2 G [M]°° and xi,X2 G X such that 
{xs)seJ^\Li converges to xi and {xs)seJ^\L2 converges to X2- We will show that 
xi — X2. Let e > 0. Then there exists no G N such that for every si ^ J- \ Li with 
min si > Li{no) and S2 € J- \ L2 with min S2 > L2{no) we have that ||a;i — || < f 



and 1 1 2:2 



< 



Notice that rip can be chosen large enough such that for every 



plegma pair (si,S2) in \ M with minsi > A/(no), 



ei - 62 



< 



It is easy to see that we can choose si G f Li with minsi > ii(rio) and 
S2 J- \ L2 with min S2 > -^2('^o) such that the pair (si, §2) is plegma. Then 



Xi - X2 



< 



Xi 



X2 



< e 



It follows that xi — X2 and the proof is complete. 



□ 



Remark 3.17. Let us notice that a 1-subsymmetric linearly independent sequence 
in a Banach space is not necessarily a Schauder basic sequence. Indeed, consider 
the sequence (a;„)„gpj in £'^(N), with Xn = ei +e„+i for all n G N, where (e„)„gN is 
the usual basis oi . It is immediate that {xn)n&i is linearly independent and 1- 
subsymmetric. Since {xn)nen is weakly convergent to ei 7^ 0, we have that {xn)nen 
is not Schauder basic. 



3. Ramsey properties of J^-sequences and applications to Schauder 

basic spreading models 

Our main aim in this section is to give sufficient conditions for a spreading 
model of any order to be a Schauder basic sequence. This requires to develop some 
Ramsey theoretic machinery concerning maps on regular thin families and this is 
the content of the first two subsections. Specifically, in the first subsection we 
present some elements of abstract Ramsey theory which will be used in the second 
one, to obtain some combinatorial properties concerning J-"-sequences. In the last 
subsection we apply these combinatorial results and we extend the well known fact 
that every spreading model admitted by a seminormalized Schauder basic sequence 
is also Schauder basic. 

3.1. Elements of Abstract Ramsey Theory. In this subsection we review 
some well known Abstract Ramsey properties which concern families of pairs of 
the form {t,Y) G [N]*^"" x Our main aim is to prove Proposition 13.211 below 

which will be used in the next subsection. Let us point out that a combination of 
Theorem 2 in [25j and results from [20j would also yield Proposition 13.211 As the 
full strength of Theorem 2 in j25j is actually not necessary for the results included 
here, we have chosen to present a self contained and direct proof. 

Lemma 3.18. Let X G [N]°° and Q C [A]<°° x [A]°° which satisfies the following 
properties. 

(PI) (Hereditarily) For every {t, F) G Q and Z G [Y]°" we have that (t, Z) G Q. 
(P2) (Cofinality) For every {t,Y) G [X]<^ x [A]°° there exists Z G [Y]°° such 
that (t, Z) G Q. 
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(P3) For every {t, Y) e Q and Z e [X]°° with F n (maxi, oo) = Zn{maxt, oo), 
we have that {t, Z) E Q. 

Then for every Y e [X]°° there exists Z £ such that for every t e [Z]<°°, we 

have that {t, Z) e Q. 

Let N e [N]°° and A C [iV]<°° x [N]°°. For a pair e [iV]<°° x [Ar]°° we 

will say that 

(i) X accepts t if {t,X) e A. 

(ii) X rejects t if for every F g [^]°°, Y does not accept t. 

(iii) X decides t if either X accepts i, or X rejects t. 

Remark 3.19. Given N e and A C [N]<°° x [N]°°, let 7^ (resp. X>) to be 

the set of all pairs (t, X) in [Af]<°° x [N]°° such that X rejects t (resp. X decides 
t). It is easy to check the following: 

(i) The family TZ is hereditary and the family V is cofinal. 

(ii) If A is hereditary, then V is hereditary and TZ satisfies (P3). 

(iii) Suppose that properties (PI) and (P3) of Lemma lS . 181 are satisfied for Q = 
Aa-ndX = N. Then (P1)-(P3) are also satisfied for Q = X> and X = N. 
Hence by Lemma[3lllwe get M e [N]°° such that [M]<°° x [M]°^ C V. 

Given N e [N]°° and A C [N]<°° x [N]°°, for a pair (t, X) e [N]<°° x [Ar]°° we 
will say that X uniformly decides t U {n}, for all n E X, ii cither for every n £ X, 
X accepts t U {n}, or for every n E X, X rejects t U {n}. 

Remark 3.20. Let TV E [N]°° and A C [N]<°° x [N]°°. Suppose that properties 
(PI) and (P3) of Lemma are satisfied iov Q ^ A and X ^ N. Let TZ and V 
as in Remark 13.191 Then by part (iii) of the same remark there exists M E [N]°° 
such that [Af]<°° x[M]°° C V. Let 

V' = |(<, X) E [Af]<°° X : X uniformly decides t U {n}, for all n € X j 

It is easy to see that properties (P1)-(P3) of Lemma [3.181 are satisfied for X = 
M and Q — V . Indeed, (PI) and (P3) are immediate and (P2) follows by the 
pigeonhole principle. 

The above remark yields easily the following. 

Proposition 3.21. Let TV E [N]°° and A C [N]<°° x [7V]°° such that properties 
(PI) and (P3) of Lemma [131 are satisfied for Q = A and X = N . Then there 
exists L E [N]°° such that for every t E the following are satisfied. 

(i) L decides t and 

(ii) L uniformly decides t U {n}, for all n e L with n > maxi. 

3.2. Combinatorial properties of J^-sequences. 

Definition 3.22. Let A be a set, M E [N]°°, T C [N]<°° and ip : T ^ A. We will 
say that is hereditarily nonconstant in M if for every L E [M\°° the restriction 
oi Lp on T I" L is nonconstant. In particular if M = N then we will say that ip is 
hereditarily nonconstant. 

Proposition 3.23. Let F C [N]^°° be a regular thin family, A be a set and 
p : F Ahe hereditarily nonconstant. Then for every N E [N]°° there exists 
L E [N]°° such that for every plegma pair (si, S2) in F \ L, •p{si) ^ p{s2)- 
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Proof. By Proposition ll.l2l there exists an L e [iV]°° such that cither ip{si) ^ 
(p(s2), for aU plegma pairs (si,S2) F \ L, or 1^5(51) = ^{^2), for aU plegnia pairs 
(si,S2) va J- \ L. The second alternative is excluded. 

Indeed, suppose that f{si) = (^(52), for every plegma pair (si,S2) in J- \ L. 
We may also assume that J- \ L la very large in L. Let sq be the unique initial 
segment of Lq = {L{2p) : p e N} in J" f L and let k = |so|. We set Lq = {L{2p) : 
p e N and p > /c}. By Proposition 1 1 . 1 71 for every s G t Lq there exist a plegma 
path (so, si, . . . , Sfc-i, s) of length A: in f L. Then for every s <E J- \ L'q we have 
that ip{s) = ip{sk-i) = . . . = <y3(.si) = V'(^o), which contradicts that is hereditarily 
nonconstant. □ 

For every J" C [N]<°° and t e [N]<°°, we set 

^■[t] = {s e J- : < C s} 

Lemma 3.24. Let M G [N]°° and C [N]<°° thin and large in M. Let tp : J" ^- A 
be hereditarily nonconstant in M . Then there exist L € [M]°° and a family C 
[L]<°° satisfying the following properties: 

(i) ^ip,L is thin, very large in L with o{F^^l) > 1 and ^ ^ \ L. 

(ii) For every i e -^ip.i there exists ct Cz A such that <p[J^[f] t i] = {ct}, that 
is (p is constant on J-^t^ \ L. 

(iii) For every u G J^ip.L with ^(m) = 1 and every Zi < I2 in L with 
maxu < h < I2 in i, the sets ti = uU {li},t2 = uU {I2} belong to J^^.l 
and moreover ct ^ ^ Cf^ . 

Proof. First we choose N e [M]°° such that J" is very large in N. We define 



It is easy to check that A satisfies the assertions of Proposition 13.211 and therefore 
there exists A^i € [N]°° such that for every t G [Ni]^°° , Ni decides t and also 
uniformly decides t U {n}, for all n € Ni with maxt < n. Let 



and Gmin be the set of all C-minimal elements in Q. Notice that T \ Ni C Q. 
Hence, since J" is very large in Ni, we get that Gmin ^ J' \ Xi. Moreover, since (p is 
hereditarily nonconstant we have that A^i rejects 0. Hence % ^ Q and o(tJ„iin) > 1. 
For every L € [7Vi]°°, we set 



Then it is easy to see that for every L G [A'^i]"", assertions (i) and (ii) of the lemma 
are satisfied by J-^.l- 

It remains to determine an L e [iVi]°° which in addition satisfies (iii). Let 
t S Gmin and u = t \ {maxi}, i.e. u G Gmin with og^^^{u) — 1. Since iVi uniformly 
decides u U {n} for all n € Ni with n > maxw, we conclude that u U {n} G ^min 
for all n G iVi with n > maxu. Moreover Ni rejects u which implies that for every 
Y G [iVi]°° the set (pl-^fu] \ {uUY)] is infinite. Indeed, suppose on the contrary that 
there exists Y G [iVi]°° such that the set 'p[J^[u] \ {u U Y)] is finite. Then applying 
Theorem [T31 for the thin family and for Ye we get Z € [Y]°° such that 
(p[J^[„] I" u U Z] is a singleton, that is Z accepts u which is a contradiction. 




} 



G^{te[m]<°- ■.{t,N,)eA} 
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Using the above remarks, we can easily construct by induction an increasing 
sequence {ln)neN in iVi and a decreasing sequence {Ln)neN in [-/Vi]°° such that for 
every n E N the foUowing are satisfied: 

(a) In = minLn-i, where Lq = Ni. 

(b) For every u e Gmin with Og— (u) — I, u C {li, . . . ,1^} and for every 
TOi < 1712 in Ln, we have that (i) ti ~ uU {mi}, t2 = uU {m2} belong to 

and (ii) ^ ct^ ■ 

We set L — {Z„ : n e N}. It can be readily verified that L and J^^.l are as desired 
and the proof is complete. □ 

The above lemma is applied for A = N in the next proposition. 

Proposition 3.25. Let T C [N]<°° be a regular thin family, M e and 

: f A/ — > N be hereditarily non constant in M. Let also L g [M]°° and 
be as in Lemma 13.241 and g : J-^,l — !■ N be an arbitrary map. For every s (z J- \ L 
let ts be the unique initial segment of s in J^^^l- Then there exists N £ [L]°° such 
that for every plegma pair (si, S2) in T \ N, we have that 

ip{s2) - f{si) > g{tsj 

Proof. By Proposition 11.121 there exist N € [L]°° such that either for every 
plegma pair (si,S2) in \ N, (p{s2) — 'fi{si) > or for every plegma pair 

(si,S2) in \ N, (p{s2) — fisi) < g{tsi)- We will show that the second case is 
impossible. Indeed, assume on the contrary. Then applying once more Proposition 
I1.12[ we obtain A^i G [N]°° such that either for every plegma pair (si, S2) in \ Ni, 
\tsi \ < Ksal (the case > jisal is easily excluded). 

Let {si, S2) be a plegma pair in J" |" Ni. We set uq = t^o \ {t^o}. We choose 
for every n £ N a, plegma pair (s",S2) of plegma pairs in \ Ni satisfying the 
following 

(a) tgo C for all n G N. 

(b) Mo E s^, for all n e N . 

(c) tg-i^ , for all n ^ m. 

These plegma pairs can be easily obtained as follows. Let = si n {1, . . . ,ts^}- 
We consider the following two cases. 

Case 1: |si| < |mo|: which yields that s\ — 'si. In this case we set s" = s\ 
and '§2 — uq\J {mn\ where (m„)„gN is a strictly increasing sequence in iVi with 
mi > max(s^i U uq). Then we set be any extension of '§2 in J- \ Ni. 
Case 2: |s^i| > |uo|, which yields that |s^i| = |uo| + 1. We choose (m„)„gN as in the 
previous case and we set = 31 and = uq U {m„}. We observe that (si',i2) is 
plegma with |s"| = js^ I and we consider s" , §2 extensions of s" , respectively in 
7^ \ Ni with (s" , S2 ) being a plegma pair. 

Notice that ts" E si E s" and ?2 = ^s" E ^2 , for all n E N. Hence {(^(5") : 
n G N} is a singleton and {ip{s2) : n e N} is infinite. Therefore there exists uq E N 
such that f{s2) > f{s\) + g{tsi) — fisi) + g{ts'^), which is a contradiction and the 
proof is completed. □ 

Corollary 3.26. Let be a regular thin family, M E [N]°° and : — > N be 
hereditarily non constant in M. Then there exists N E such that for every 

plegma pair (si,S2) in J" |" A^, (p{s2) — fisi) > 1. 
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3.3. Skipped Schauder Decompositions. 

Definition 3.27. Let A be a countable seminormalized subset of a Banach space 
X. We say that A admits a Skipped Schauder Decomposition (SSD) if there exist 
K > and a sequence (i^„)„gN of finite subsets of A such that 

(i) U„eN-Fn = A 

(ii) For every L E not containing two successive integers and every 
choice {xi)i(zL such that xi G Fi, the sequence {xi)i^l is Schauder basic 
with basic constant K. 

The foUowing proposition is known and for the sake of completeness we outline 
its proof. 

Proposition 3.28. Let (a;„)„gN be a seminormalized weakly null sequence in a 
Banach space X. Then for every s > the sequence (x„)„gN admits a SSD with 
constant 1 + e. 

Proof. We assume that X has a Schauder basis (e„)„gN with basis constant 
1 (for example we may assume that X — C[0,1\). We recursively define a partition 
(F„)„gN of N into finite pairwise disjoint sets and for every n G N a, finite block 
vector Un such that the following are fulfilled: 

(i) If n e Fk, ||a;„ -y„|| < ^. 

(ii) If k + I < I, n Cz Fk and m Fi then maxsupp(j/„) < minsupp(j/m). 
The induction uses the standard sliding hump argument. It is easy to check that 
(Ffc)fegN is the desired SSD. □ 

The following is a consequence of Definition 13.271 and Corollary 13.261 

Lemma 3.29. Let A be a subset of a Banach space X admitting a SSD with 
constant K. Let M S be a regular thin family and {xs)seJ' an J^-sequence 

in A. Suppose that {xs)seJ^\M is hereditarily nonconstant and {xs)s<£J^\m generates 
(eri)neN as an J^-spreading model. Then (e„)„gN is Schauder basic with constant 
K. 

Proof. Let {Fk)k<£N be the partition of A witnessing its SSD property and 
(f : F f A/ — > N, defined by tp{s) = k ii Xs G Ffc. Observe that (p is hereditarily 
nonconstant in M. Indeed, assume on the contrary. Then there exists A^i € [M]°° 
and ko G N such that for every s G F \ Ni, Xs G Fkg for all s S \ Ni. Since 
Fkg is finite, by Theorem II. 51 we get N2 € [^^1]°° such that {xs)seJ^\N2 is constant. 
Therefore by Theorem l3.16[ we get that (e„)„gN is trivial which is a contradiction. 

Since cp is hereditarily nonconstant in M, by CoroUarv 13.261 there exists N e 
[M]°° such that (f{s2) — f{si) > 1 for every plegma pair (si, S2) in F \ N. Hence, 
by the SSD property of A we have that for every / G N and for every plegma Z-tuple 
in F \ N the sequence {xs^Yj^i i^ Schauder basic with constant K. This 
easily yields that (e„)„gN is Schauder basic with constant K . □ 

Theorem 3.30. Let A be a subset of a Banach space X. If A admits a SSD with 
constant K, then every non trivial spreading model of any order in A is Schauder 
basic with constant K. 

Proof. Let be a regular thin family and {xs)seT an J^-sequence in A. Let 
M e [N]°° such that {xs)s^jr^j^f generates a non trivial J^-spreading model (e„)„gN- 
Then {xs)s<£j^\M is hereditarily nonconstant. Indeed, otherwise there exists L G 
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[M]°° such that {xs)seJ^\L is constant and therefore by Theorem 13. 161 we get that 
(en)neN is trivial Hence the assumptions of Lemma l3 . 29l hold and the result fohows. 

□ 



4. Unconditional spreading models 

In this section we provide a condition for a spreading model of any order to 
be unconditional. The key ingredient for establishing our results is the subordi- 
nated /"-sequences. The main result here is Theorem 13.321 which extends the well 
known theorem for classical spreading models generated by nontrivial weakly null 
sequences. 

Lemma 3.31. Let X be a Banach space, n S N, be regular thin 

families, L e [N]°° and e > 0. For each I < i < n, lei (pi : F'- \ L ^ {X,w) be 
a continuous map. Then there exist nonempty and finite C J^^ f L, . . . , G" C 
Fn \ L and sequences {^\)ttzQi, . . . , {fi'^)t^Q^ in [0, 1] such that 

(a) For aWl <i<n, J^teG^ A*t = 1 and ||^i(0) - J^teC < £• 

(b) For every choice of U S G*, the n-tuple {ti, . . . , tn) is plegma. 

Proof. We use induction on ^^ax — max{o(J"*) : 1 < i < n}. If ^^ax = 0, 
i.e. F = {0} for all 1 < i < n the result follows trivially. (Let G* — F and 
/i0 = 1.) Let 1 < C !i "^1 and suppose that the conclusion of the proposition 
holds provided that ^max < We will show that it also holds for ^,„ax — C To 
this end let n £ N, L G [N]°° and T^,. . . , J-"" be regular thin families such that 
^ ~ max{o(J-'') : 1 < i < n}. Let also for each 1 < i < n, ipi : F \ L ^ {X,w) 
be a continuous map. We set — (pi{s) , for all 1 < i < n and s E F \ L. 
We may suppose that J^* is very large in L, therefore {1} e F for alH G L and 
1 < i < n. Since for every 1 < i < n w-limi^L x^^^y = Xg, we can choose finite 
subsets < . . . < F^^ oi L and sequences {Xj)i^pi , . . . , {Xf)ie F" in [0, 1] such that 
for every i = 1 , . . . , n 

(i) EieF' = 1 and \\xl - J^ieF- M^i}^^ < § 

Let F = Ui^iF' ^ {l^ < ... < and U ^ {I e L : I > For every I < j <m 
let ij be the unique i E {I, . . . ,n} such that Ij e i^'. For every 1 < j < n we define 
= F'^f^^ and $j : G^Tl' -> {X,w), with iij{s) = U s). Since o{g^) < 

o{F^^) we have that max{o(tJ-') : 1 < j < m} < max{o(J^*) : 1 < i < n] and 
therefore we may use the inductive assumption. Hence there exist nonempty finite 
subsets QG^ \ L' , . . . ,0"" C g"^ \ L' and sequences {JiD^^g,,. . . , (mDssg™ 
[0,1] such that for every I < j < m 

(ii) EssG^ 'f^i = 1 and W^A'^) - E^gG^- < §■ 

(iii) For every choice tj e G-' the m-tuple (ii, . . . , is plegma. 

For every 1 < i < n we set G* = {{/j} U s : € Fi and s e G-'} and for every 
i e G* we set /iJ = A;^ • /i^, where t = {Ij} U s. It is easy to see that 

(a) For aU 1 < z < J2^^^, fi] = 1. 

(b) For every choice of ti E G*, the n-tuple {ti, . . . , t„) is plegma. 
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It remains to show that ||^i(0) — J2teG^ A^t'?i(*)ll < foi" all 1 < z < n. Indeed 



tSG* 



+ 11 E E/^t^^wii 



By (i) above we have that 

11^.(0) 



E ^IMi^M 



e 

<2 



Moreover 



Hence by (ii) 



E/4^.w= E E^i/^iv^^w 



And the proof is complete. 



□ 



Theorem 3.32. Let be a regular thin family and L € [N]°° . Let {xs)seT\L be 
an family of elements in a Banach space X generating a spreading model (e„)„gN- 
Suppose that {Xs)seJ^\L is subordinated with respect to the weak topology on X 
and let (f : J- \ L ^ {X, w) be the continuous map witnessing it. If (p{$) — 0, then 
either (e„)„gN is trivial with ||e„||* = for all n € N or the sequence (e„)„gN is 
1-unconditional (i.e. for every n G N, -F C {1, . . . , n} and oi, . . . , a„ G R we have 
tl^at II E^GF a»e,|| < II X;r=i a^eill). 

Proof. Suppose that (e„)„gN is trivial. Then by Theorem 13.161 there exists 
Li € [L]°° and xq € X such that the J^-subsequence {xs)seJ^\Li converges to xq. 
By Proposition 13.101 we have that xq — (p{%) = 0. Since {xs)s^jr^i^^ also generates 
(en)nGN wc have that ||ei||* — 0. The subsymmetricity of (e„)„gN yields that 
||e„||* = for ah n e N. 

Assume that (e„)„gN is trivial. In this case it is enough to show that for every 
n^f^^l<p<n and ai, . . . , a„ e [^li 1] we have that 



E' 

i=l 



< 



E' 



To this end it suffices to prove that for every e > we have that 



E^iei < E"' 



i=l 



+ e 



Indeed let n g N, 1 < p < n, oi, . . . , a„ G [—1) 1] and e > 0. We easily pass to 
N G [L]°° such that for every plegma n-tuple (si)"^]^ in |" iV the following hold 



(5) 



E 



E«' 



i=l 



< - and 
o 



E 

i=l 



diXa 



E 

1=1 

i^p 



< 
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Let = . . . = J^" = J- and (fi = ... = (pn~ ^\j^\n- By Lemma 13.311 there exist 
nonempty and finite G^, . . . , G" Q T \ N and sequences . . . , (/x")tgGn in 

[0, 1] such that 

(a) For 1 < i < n, ^ = 1 and || ^ filxt\\ = ||(?(0) - ^ /iJ^WII < |- 

(b) For every choice of ti G G^, the n-tuple (^i, . . . , t„) is a plegma family. 
We fix Si € G* for all 1 < i < n with i ^ p and we set G = G^. So we 
have that X^teG/^t" ~ II X^teG A^t^^t II < f ^-^id fo'" every t G G the n-tuple 
(si, . . . , Sp_i, i, Sp+i, . . . , s„) is a plegma family. Therefore by ([S]) we have that 



E 

1=1 



< 



E 

1=1 



(ZjX a 



< ^ fliXs, + Op /if 



Xt 



i=l 



tGG 



-PI3 



- E^t II E'^'^«' + y - E^KII E"'^ 



tea 



i=l 



tGG 



i=l 



2e 



E' 



and the proof is completed. 



□ 



CHAPTER 4 



Weakly relatively compact J^-sequences in Banach 

spaces 

In the first section of tliis chapter we present some independent results con- 
cerning the behavior of sequences equivalent to the usual basis of i-^. All the other 
sections are devoted to the study of J^-sequences with weakly relatively compact 
range in Banach spaces with a Schauder basis. In this context, using the notion 
of subordinated J^-sequences, we show that every Schauder basic spreading model 
is an unconditional one. We also present the generic structural features of 
sequences and finally we study the non Schauder basic spreading models. 

1. £^ sequences 

1.1. Splitting sequences. In this subsection we study some stability prop- 
erties of 1-subsymmetric sequences in seminormed spaces which are actually related 
to the non distortion of £^ (c.f. |17| V These results will be used in the next section. 

Proposition 4.1. Let {X, \\ ■ ||o), (^i, || • ||*), {X2, \\ ■ ||**) be seminormed spaces hav- 
ing 1-subsymmetric Hamel bases (e„)„gN, (ei'i)neN and (e^)„gN respectively. Sup- 
pose that (e„)„gN admits lower ^^-estimate with constant c > (i.e. for every 
n e N and ai, . . . , a„ G R we have that c^"^j^ \ai\ < \\ Y^^=i O'i^iWo)- Assume also 
that 

n n n 

i—l i—1 i—1 

for all 71 G N and oi, . . . , a„ G M. If {efjnefi does not admit a lower £^-estimate 
then (e^)„gN admits a lower £^-estimate with constant c. 

Proof. Suppose on the contrary that (e,\)„gN does not admit a lower 
estimate with constant c. Hence there exist 71 G N and ai,...,a„ G M with 
= 1 such that II X]"=i '^i^j^ll* < c — £, for some e > 0. By the sub- 
symmetricity of (e^)„eN we have that for every fci < . . . < fc„ in N 

n 

ll^flie^JI* <c~e 
1=1 

Since (e^)„gN does not admit a lower ^^-estimate, there exist m G N and bi, . . . ,bm G 
R such that X^Jli l^jl — 1 ^^'^ II Sjli ^j^'jW** < §• Similarly by the subsymmetric- 
ity of (e^JngN we have that for every fci < . . . < km in N 

m 

Ill^^jefeJU* < I 
39 



40 



SPREADING MODELS IN BANACH SPACE THEORY 



So we have the following two inequalities 

m n 



%=i j=i 
and 



< Xll^jl • (c-e) =c-e 



- Zll'*»l||S!^■?■4-l)m+J 



By the assumptions of the proposition we get that 

n m n m 

II ^^ai • 6je(,_i)„+,|[ < II Xll]'^^ • ^J^{i-i)m+j 

i=l j=l i=l j=l 

n m 

which since Sjli ki| ' l^jl = contradicts that (e„)„eN admits lower a 

estimation with constant c. □ 

Using the above proposition, it is easy to verify the following corollary. 

Corollary 4.2. Let be a regular thin family and (xs)sgjF, {xl)seJ^, {xDseJ" be 
three J^-sequences in a Banach space X such that for all s € J^, 
Let M G [N]°° and (e„)„gN, (e^)nGN, (e^)r«GN generated by (a;s)sejrfM, (xJ)sejrfM 
and (Xg)sg^fM respectively as J^-spreading models. Suppose that (e„)„gN admits a 
lower ^^-estimate with constant c > 0. If (e^)„gN does not admit a lower ^^-estimate 
then (e^)„gN admits a lower ^^-estimate with constant c. 

1.2. Cesaro summability and £^ sequences. Recall that a sequence (a;„)„gN 
in a Banach space X is called Cesaro summable to xq & X if 



1 " 



The following result is well known but we include its proof for the sake of complete- 
ness. 

Proposition 4.3. Let (e„)„gN be an unconditional and subsymmetric sequence. 
Then either (e„)„gN is equivalent to the usual basis of £^ or (e„)„gN is Cesaro 
summable to 0. 

Proof. Since (e„)„gN is an unconditional and subsymmetric sequence, there 
exist Cunc, Csub, C'sub > such that for every m e N and ai, . . . , G K, 



1 ^ ^ ^i^i^i 


- ^ 











i=l 



for all ei^. . . ^ {— 15 1} and 

mm m 

*^sub 



i=l 



1=1 



i=l 



for all fci < . . . < fcm in N. Therefore, for C = Csub||ei||, we have that ||e„|| < C, 
for all n e N. 
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Suppose that the sequence (e„)„gN is not Cesaro suminable to zero. We will 
show that (e„)„gN is equivalent to the usual basis of£^. Since (e„)„gN is not Cesaro 
summable to zero, there exist 9 > and a strictly increasing sequence of natural 
numbers (p„)„gN such that ||^X]f=iSill > * € {!,..., Hence for 

every n E N there exist x* of norm 1 such that x'^{^ ^i) > ^- For every 

n g N, we set /„ = {1, . . . and An — {i & In ■ x^i^i) > §}■ Hence for every 
n G N, we have that 

Pn ^ 

Hence \ An\ > ^Pn ^ oo. Let m € N and ai, . . . , a„i G R. It is immediate that 

II ^ aid < |ai| 

1=1 i=l 

Since \An \ — !• oo, there exists no e N such that |A„(,| > m. Therefore we have that 

m in m 

II ^ ^ OiCi > Cunc|| ^ ^ |li|6i|| ^ Cunc ' Csub|| ^ ^ l'^i|cA„p(i) || 
i—1 i—1 i—1 

rn Q m 

> Cunc ■ Csub ■ 2^,* (E I'^*I'^A„o(j)) > Cunc ' Cgub 2 E 
1=1 i=l 

□ 

2. Spreading models generated by weakly relatively compact 

J^— sequences 

Definition 4.4. Let X be a Banach space and ^ < uji. By SM'^^'^{X) we will 
denote the set of all 1-subsymmetric sequences (e„)„gN such that there exists a 
weakly relatively compact subset A oi X such that A admits (e„)„gN as a ^-order 
spreading model. We also set 

Since the weak topology on every countable weakly relatively compact subset 
of a Banach space is metrizable, by Proposition 13. 1 II we have the following. 

Proposition 4.5. Let X be a Banach space, T a regular thin family and {xs)s£T a 
weakly relatively compact J^-sequence in X. Then for every M £ [N]°° there exists 
L e [M]°° such that the J"-subsequence {xs)seJ^\L is subordinated. 

We will also need the following lemma, which is similar to the above proposition. 

Lemma 4.6. Let X be a Banach space, ^ < wi and (e„)„gN G SAi^^'^{X). Then 
for every regular thin family of order ^ there exist M E [N]°° and an J^-sequence 
{xs)s^jr m X satisfying the following: 

(i) {xs)seJ^\M generates (e„)„gN as an J^-sprcading model and 

(ii) for every L' E [M]°° there exists L E [L']°° such that {xs)seJ^\L is subor- 
dinated with respect to the weak topology. 
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Proof. Let X be a Banach space, ^ < cji and (e„)„eN G SM'^^''{X). Also let 
be a regular thin family of order ^. Since (e„)„gN G SA4'^^''{X) there exists a 
weakly relatively compact subset A of X such that A admits (e„)„gN as a ^-order 
spreading model. Hence there exists a regular thin family Q of order ^, Af' £ 
and an tj-sequence (xj)tgg in A such that {Xf)teg\M' generates (e„)„gN as an Q- 
spreading model. By Proposition 12 . 131 there exist M £ [N]°° and {xs)s&t such that 
{xs)seJ^\M generates (e„)„gN as an J^-spreading model and {xg ■ s G T} C {xj : 
t G Q} A. Since the set A is weakly relatively compact, we get that the weak 
closure of {xs)seJ^ is compact metrizable. By Proposition 13 . 1 11 we obtain that for 
every L' € [M]°° there exists L S [L']°° such that {xs)seJ^\L is subordinated with 
respect to the weak topology. □ 

Lemma 4.7. Let M £ [N]°° , be a regular thin family and {xs)seJ' an 
sequence in a Banach space X. Suppose that (xs)seJ^\M is subordinated and let 
(fi : J- I" M — {X, w) be the continuous function witnessing the subordinating 
property of {xs)seJ^\M ■ Assume that (xs)seJ^\M generates the sequence (e„)„gN as 
an J^-spreading model. If ip{$) ^ then either (e„)„gN is equivalent to the usual 
basis of , or (e„)„gN is not Schauder basic. 

Proof. We set x'^ — Xs — ^(0), for all s e |" M. It is easy to see that 
the J^-subsequence {x'g)seJ^\M is subordinated as the map (p' : \ M {X,w), 
defined by ip'{t) = (p(t) - (p{$) for &\\ t £ F \ M, is continuous. Let L £ [M]°° 
such that {Xg)s(Ej^\L generates an J^-spreading model (eJ^)„gN- By Theorem 13.321 
we have that either (e^)„gN is trivial and ||e^||* = for all n g N, or (e^)„gN is an 
unconditional basic sequence. 

In the first case by Definition [2T3] we have that (x'g)seJ^\L is norm convergent to 
zero. Hence the subsequence (xs)sej^\M is norm convergent to ^(0). By Theorem 
13.161 we have that (e„)„gN is trivial and consequently not Schauder basic. 

In the second case since (e^)„gN is in addition 1- subsymmetric, by Proposition 
14.31 we have that either (eJ^)„gN is equivalent to the usual basis of or (eJJngN 
is Cesaro summable to zero. If (e^)„gN is equivalent to the basis of then by 
CoroUarv 14.21 it follows that (e„)„gN is also equivalent to the basis of Suppose 
that {e'„)neN is Cesaro summable to zero. We will show that in this case (e„)„gN is 
not Schauder basic. First notice that for every n £ N and ai, . . . , a„ £ R we have 
that 

n n n n n 

(6) • 11^(0)11 - lE^j^^il ^ ^ lE^^i ■ ii^wii + IE^j^j 

For every e > there exists n £ N such that ||^ X]j=i < ^- Hence by (H]) we 
have that 



11^(0)11 -e< 

and 



I 1 

In ^ 



2n 



I^E^.-^ E 

j=l j=n+l 



< 2s 



Since |1^(0)|| > we get that (e„)„gN is not Schauder basic. □ 

Theorem 4.8. Let X be a Banach space. Every Schauder basic sequence in 
5A^""''=(X) is unconditional. 
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Proof. Let ^ < wi and (e„)„eN G SM^^'^{X). Also let J" be a regular thin 
family of order ^. Let M e and {xs)sej^ an J^-sequence in X satisfying the 

conclusion of Lemma WM Let L G [M]°° such that {xs)seJ^\L is subordinated and 
let (f : !F I L —i' {A, w) be the continuous map witnessing this fact. We distinguish 
two cases. Either (^(0) = 0, or (^(0) 7^ 0. In the first case, by Theorem 13.321 we 
have that (e„)„gN is 1-unconditional and in the second case, by Lemma 14.71 we have 
that (e„)„eN is equivalent to the usual basis of Hence in both cases we conclude 
that (e„)„gN is unconditional. □ 

Corollary 4.9. Let X be a Banach space, be a regular thin family and {xs)se7' 
be a weakly relatively compact J^-sequence which admits (e„)ngN as an J-"-spreading 
model. Then one of the following holds: 

(i) The sequence (e„)„gN is trivial. 

(ii) The sequence (e„)„gN is not trivial and not a Schauder basic one. In 
this case there exist L G [N]°° and xq G X such that the J^-subsequence 
{x'g)jr]-i^^ defined by x'^ = Xg — xq for all s G f L, generates an uncondi- 
tional and Cesaro summable to zero J-"-spreading model. 

(iii) The sequence (e„)„gN is Schauder basic. In this case (e„)„gN is uncondi- 
tional. 

Proof. It is straightforward that Theorem 14.81 vields (iii). It remains to show 
that if the sequence (e„)„gN is not trivial and not Schauder basic then (ii) holds. 
Let M e such that the J^-subsequence {xs)sgj^\m generates (e„)„gN- By 

Proposition 14.51 there exists Li g [M]°° such that {xs)seJ^iLi is subordinated. Let 
Lp : F \ Li ^ {xs s £ F \ Li} be the continuous map witnessing this. Since 
(en)neN is not Schauder basic, by Theorem 13.321 we have that ^(0) 7^ 0. We set 
Xq = 1^(0). Let, for all s G f Li, x'^ — Xs — xq and let L S [Li]°° such that the 
J^-subsequence {x'JseJ^\L generates an ^"-spreading model (e^)„gN- Then the F- 
subsequence {x'g)sej^\Li satisfies the assumptions of the Theorem 13.321 So (eJJ„gN 
is unconditional. Since (e„)„gN is not Schauder basic, it is not equivalent to the 
usual basis of i^. CoroUarv 14.21 vields that (eJ^)„gN shares the same property and 
hence it is Cesaro summable to zero (Prop. 14. 3p . □ 



3. The generic form of the weakly relatively compact J^-sequences 

Let X be a Banach space with a Schauder basis. It is well known that a spread- 
ing model generated by a weakly null sequence {xn)nefi in ^ is also generated by 
a block sequence (xn)neN which suHiciently approximates {xn)neN- In this section 
we will show that analogues of this fact appear in spreading models which are gen- 
erated by weakly relatively compact J^-sequences in X. To state our results we 
need to introduce the notions of generic decompositions and generic assignments 
to J'-sequences. We start with the first one. 

Definition 4.10. Let X a Banach space with a Schauder basis. Let J-" be a regular 
thin family and {xs)sgJ' an J^-sequence in X. Let L g [N]°° and (yt)tg^fL ^ 
family of vectors in X. We wiU say that {yt)t^^^i^ is a generic decomposition 
of {xs)s£j^\L (or {xs)seJ^\L admits (yt)jg^|-i as a generic decomposition) if the 
following arc satisfied. 
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(i) For every s ^ T \ 

= X] ^^i*^ = ^0 + XI y^\^ 

fe=0 fe=l 

where some ys\k may be equal to zero, in which case supp(ys|fc) = 0. 

(ii) For every s e J" f L and 1 < fci < ^2 < |s|, supp(y5|fej < supp(y5|fej. 

(iii) For every plegma pair (si, S2) in \ L we have that 

(a) For every 1 <k\ < \si \ and 1 < ^2 < |s2| with k\ <k2, supp(ys^|fcj < 
supp(ys2|fej. 

(b) For every 1 < fci < A;2 < |si|, supp(?/s2|fei) < supp(ysi|fej. 

If in addition y0 = 0, then we will say that fj;, is a disjointly generic decom- 

position of {Xs)s^jr^L. 

Proposition 4.11. Let X be a Banach space with a Schauder basis, be a regular 
thin family and {xs)s£j^ be an /"-sequence in X. Let M s [N]°° such that {xs)s£J^\m 
is subordinated with respect to the weak topology and lei (p : F \ M ^ {X, w) be 
the continuous map witnessing this. For every s € T \ M and 1 < k < |s|, let 

ys\k = ^{s\k) - (p{s\k- 1) 

Let d G N and {£n)nen be a decreasing sequence of positive reals. Then there exist 
L e [M]°°, an J^-subsequence (xs)seJ^\L in X and a family {yt)t^^\L °^ vectors in 
X such that the following are satisfied 

(i) y<D = (p{$) and {yt)^^^^^ ^ generic decomposition of {xs)seJ^\L- 

(ii) For every s € T \ L with mins = L{n), \\xa — Xa\\ < en- 

(iii) For every s € \ L and 1 < A; < |s|, the following hold: 

(a) d < supp(ysifc), 

(b) supp(y,|fe) C supp(y^ifc) and 

(c) if mins = L{n) then \\ya\k - ys\k\\ < en/2''. 

(iv) For every t G \ L\J^ \ L ii the set Nt = {I & L : ytu{i} 7^ 0} is infinite 

then min(supp(ytu{o)) 

Proof. We pass to an Lq & [M]°° such that J" is very large in Lq. First we set 
y$ = <p{9). By the continuity of (p it is easy to sec that for every t & T \ Lo\J^ \ Lq, 
the sequence {ytu{i})ieLo is weakly null. Using the standard sliding hump argument 
we construct Li € [Lo]°° and a block sequence {y{i})iGLi such that for every / e L 
we have that 

(a) d < niin(supp(y{;})) 

(b) supp(?y{,}) C supp(y{(}) and 

(c) \\y{i} - y{i}\\ < ^, where Li(n) = /. 

For every t G T \ Li with \t\ > 2 we define lt,kt € N as follows 

00 

k = min{z e N : II ^ e*{yt)ej\\ < 

k 



kt = max |fc gN : k <lt and || ^jiVt)^] 

r- 



< 



2-21*1. 
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where (e*)jgN are the biorthogonals of (ej)jgN and (ej)jgN is the Schauder basis of 

X. If kt — k then we set yt — 0. If fcf < k then we set yt = J2'^j=kt ^jiyt)^j- Foi' 
every s (z J- \ Li we set 

k=0 

It is easy to check that properties (iii) and (iv) are satisfied (with Li in place of 
L). Notice that (ii) is straightforward by (iii). Let 

Q = {s e T \ Li : fiupp{ys\k,) < suppiy^ik^), for aU 1 < ki < k2 < \s\} 

By (iv) and the compactness of !F it is easy to see that Q is large in Li. Hence by 
Theorem II. 51 there exists L2 E [-^1]°° such that T \ L2 ^ G that is condition (ii) of 
the Definition 14. 101 is satisfied. 

Let A be the set all plegma pairs in \ L2 satisfying condition (iii) of the 
Definition 14. 101 Again we see that A is large in L2 and therefore by Corollarv ll.131 
there exists L G [^2]°° such that every plegma pair in \ L belongs to A. Finally, 
condition (i) of the Definition 14.101 is trivially satisfied and therefore the family 
(yt)te^\'L ^ generic decomposition of {xs)sej^\L- D 

Notation 4.12. In the sequel we will say that the triple {(p, {xs)seJ^iL, iyt)t^^\L) 
is a generic assignment to (a;s)sgjrfL (with respect to (e„)„gN and d G N). 

Remark 4.13. Let us note that if {(p, ixs)seF\Li {yt)t^^\L^ is a generic assignment 
to {xs)s^jr^L with respect to (en)neN and d G N, then the following are satisfied: 

(i) For every L' e [L]°° we have that (^, {xs)s£T\L', {yt)teF\L') ^ generic 
assignment to {xs)s(iF\L'- 

(ii) For every (£j^)„gN and every d' e N there exists L' G [L\°° such that 
{(p,{xs)seF\L',{yt)t(zf^i^,) is a generic assignment to {xs)seF\L' with re- 
spect to (e^)„gN and d' G N. 

(ni) {xs)s£F\L generates (e„)„gN as an J'-spreading model ifl: {xs)s<=iF\L gen- 
erates (e„)„gN as an J^-spreading model. 

The following is an easy consequence of Proposition 13.111 and Proposition 14. Ill 

Proposition 4.14. Let X be a Banach space with a Schauder basis, F a regular 
thin family and {xs)s£T a weakly relatively compact J^-sequence in X. Then for 
every M e [N]°° there exists L € [M]°° such that the J'-subsequence {Xs)s&t\l 
admits a generic assignment. 

Theorem 4.15. Let X be a Banach space with a Schauder basis. Then for every 
^ < wi, every Schauder basic sequence (e„)„gN G SAi^^'^{X) and every regular thin 
family F of order ^, there exist an J^-sequence {xs)s&r in X and M £ [N]°° such 
that (xs)s<£j^\M admits a disjointly generic decomposition and one of the following 
holds. 

(i) If (e„)„gN is not equivalent to the usual basis of then {xs)seJ^\L gen- 
erates (e„)„gN as an ^"-spreading model. 

(ii) If (e„)„gN is equivalent to the usual basis oi then (xs)seJ^\L generates 
an J-"-spreading model which is also equivalent to the usual basis of 

Proof. Let ^ < wi, (e„)„gN a Schauder basic sequence in SM^^'^{X) and 
regular thin family F of order ^. Then there exists a weakly relatively compact 
T sequence {xs)sej' and Lq G [N]°° such that {xs)seJ^\Lo generates (e„)„gN as an 



46 



SPREADING MODELS IN BANACH SPACE THEORY 



J^-spreading model. By Proposition 14. 141 there exists Li £ [Lo]°° such that the J^- 
subsequence {xs)sgJ^\Li admits a generic assignment {ip, {xs)seJ^\Li), (j/Ofg^fLi)- 

If 1^(0) = then (i) is immediate (see Remark [4. 13p . Suppose that (^(0) ^ 0. 
Since (e„)„gN is Schauder basic, by Lemma H771 we have that (e„)„gN is equivalent 
to the usual basis of i^. For every s € f Li we set x'^ — Xs — <p{^)- Notice that 
the map : J" f ii — > {X, w) defined by 'tp{t) = (p{t) — (p{^) is continuous. Observe 
that V'(0) = and that ■(/'(•s) = x'^, for all s e \ Li- By the continuity of i> we 
have that the J^-subsequence {x'g)s<^T\Li is weakly relatively compact. Hence by 
Proposition 14. 141 there exists L2 € [-^1]°° such that the J^-subsequence {x'^)si^j^\L2 
admits a generic assignment {ip, {x'^)s^j^\L2)-, iyt)tef\L2^' ^3 ^ [^2]°° such that 
{x'^)seJ^\L3 generates (e'„)„gN as an J"-spreading model. By Corollary g^] (e^)„gN 
is equivalent to the usual basis of Hence by Remark 14.131 we get (ii). □ 

4. Singular spreading models 

Let X be a Banach space with a Schauder basis of constant C > 0. Let J' be 
regular thin, M e [N]°° and {xs)seT an J^-sequence in X satisfying the following: 

(i) The J^-subsequence {xs)seJ^\M generates an J^-spreading model (e„)„gN- 

(ii) The J^-subsequence {xs)seJ^\M is subordinated and let ip : J- f A/ — >■ 
{X, w) be the continuous map witnessing this. 

(iii) The J"-subsequence {x'g)sej^\M, defined by x'^ = Xg — <^(0) for all s e J" f 
M, generates an J^-spreading model (eJ^)„gN- 

The aim of this section is to study the relation between (e„)„gN and {e'^)„eN- We 
start with the following. 

Proposition 4.16. Let || • ||* (resp. || • ||'^) be the seminorm defined on (e„)„gN 
(resp. (e^)„gN)- The following are equivalent: 

(i) The sequence {en)nen is trivial. 

(ii) ||z||t = for ah z G< {e'JneN >■ 

(iii) The sequence {e'„)nem is trivial. 

Proof. (i)=>(ii): Suppose that (e„)„gN is trivial. Bv Theorem l3.16l there exists 
Xq £ X and L G [M]°° such that the J^-subsequence {xs)seT\L norm converges to 
xq. Thus {Xs)seJ^\L weakly converges to xq and therefore by Proposition 13.101 we 
have that xq — ^(0). Hence the J^-subsequence {xs)seJ^\L norm converges to ^(0). 
This easily yields that {x'g)si£j^\L norm converges to Ox, which implies that = 
for aU z e< (e^)„gN >• 

(ii) =>(iii): It is obvious. 

(iii) =>(i): Assume that ||2;||'^ = 0, for all z €< (e^)„gN >■ Then the sequence 
(e^)„gN is trivial and by Theorem 13.161 there exists L £ [M]°° such that the J-- 
subsequence {x'JsgJ^IL is norm Cauchy. This easily yields that the J"-subsequence 
{Xs)seJ^\L is also norm Cauchy and again by Theorem 13.161 we have that (e„)„gN 
is trivial. □ 

For the rest of this section we assume that the sequence (e„)„gN is nontriv- 
ial. Therefore by the above proposition we have that the sequence (eJ^)„gN is also 
nontrivial. Let 

E ^ < (e„)neN >" "* and E' ^ < {e',^)nefi >" "* 
If ^(0) = then (e„)„eN = (eJ^)«GN and || • ||* = || • ||'^. 
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Lemma 4.17. Suppose that i^(0) ^ 0. Then E is isomorphic to a subspace of 

Z = {R(SE')o. 

Proof. Let T :< (e„)„gN >-> Z defined by 

n n n 

for all ri G N and ai , . . . , a„ G R. We will show that for all n G N and ai , . . . , a„ G IR 



T 



n 



where Ki 



mm{l,||y(0)||} 
2C 



< 



and K2 = 2niax{l, ||^(0)||}. 



By Proposition 14.111 there exists L G [M]°° such that the J^-subsequence 
{xs)seJ^\L admits a generic assignment (Ss)seJ=-ri> (yt)tg^fL) '^^^'^ respect to 
a decreasing null sequence of reals {ek)keN- Let n G N and ai, . . . , a„ G K. We can 
easily choose a sequence (sfc)fcgN in [" L such that for every fc G N the n-tuple 
(sfe+j)"^i is plegma. For every fc G N, let Ik — min(supp(2?s;^ — ^(0))). Notice that 
Ik /■ CO and j^-i} (x^^, - ^(0)) = 0. Hence 

n n 71 n 

^ Oj-ej = lim ^ a^Xs^^^ - H "j^^''') + J™ XI 

I I ^ rC II I I I I ru ' ^ 00 II II 



i=i 



^a,e; <2max{l, 11^(0)11} |T(^a 



i=i 



On the other hand for every fc G N we have that 

n n n 



^ n n 

> -^\\P{i,...,i,-i}{m)\\ ■ I E^^h ^^-1 E' 



Hence 



E«^-ej ^ > ^II^WII • |E°j| ^ :^min{l,||(?(0)}|| • 



2C 



For every fc G N we also have that 
1 



E' 



> 



> 



2C 
1 

2C 



n - n 



i=i 
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and 



— II J ^k+j 


-2C 




£k - 


P{l,...dk 












n 


-2C 


n 


£k 





Hence 



II H %'2^Sfc+j 

i=i 
Therefore 



> 



-j^ n n 1 ^ 



n 1 ^ ' 1 ^ 

IHaj-ej ^> ^W^aje'^ ^ > — min{l, ||(^(0)}|| ^ aj-e^ 

Summarizing the above we get 

min{l, 11^(0)11} 
2C 



□ 



The next proposition is the main result of this section. 

Proposition 4.18. Every Schauder basic sequence in E has a block subsequence 
which is equivalent to a block subsequence of (e^)„gN- 

Proof. If ^(0) = then (e„)„gN = (eJJneN and the result follows easily by 
the sliding hump argument. 

Suppose that ^(0) 7^ 0. By the proof of Lemma 14.171 we have that the map 
T : E ^ Z = {R®E')q with r(X]J=i a-je-j) = Cj^i Oj, o.je'j) is an isomorphic 

embedding of E into Z. 

Let {vn)neN be a basic sequence in E with basis constant c. Let {dn)neti be a 
sequence of positive reals such that X^jli < Let (w„)„gN be a sequence in 
< (en)neN > such that ||w„ — "^nll < (^n for all n e N. Then the sequences (wn)nGN 
and {vn)neN are equivalent. 

Let (a„,w„) = T{vn) for all n e N. Since T is an isomorphic embedding, the 
sequences ((a„, w„))„gN and (wn)neN are equivalent Schauder basic sequences. Let 
c' > be the basis constant of ((a„, ■u;„))„gn and ((5^)„gN a sequence of positive 
reals such that "^n < 2c7' Using the standard sliding hump argument we may 

choose sequences (fc„)„gN and {ln)n&^ of natural numbers and a sequence (F„)„gN 
of finite subsets of N such that for every n e N the following are satisfied 

(i) kn < In < kn+l, 

(ii) maxi^n < minFn+i, 

(iii) |a/„ - afc„| < 5',^ and 

(iv) iipf=(^«/„ -iwfcjii: <K,. 
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For every n G N we set Zn = Pf^{wi^ — Wk„)- It is obvious that the sequences 
(-2n)neN and ((0, Zn))nen are equivalent. For every n e N we have that 

||(0,2;„) - {{ai„,Wln) - {O'kn^'^knMz = || (0, ^n) " " ^fen , Wi„ " Wfe„)||z 

= max{|a;„ - akj, \\zn - iwi„ - Wfc„)||'J 

= max{|ai„ - o/c„|, \\Pf-{wi^ - WkJW'.^.} < 5'^ 

Thus the sequences {{0,Zn))nen and {T{vi^-VkJ)neN = ■i«i„)-(afc„,«'fc„))neN 
are equivalent. This implies that {zn)neN and {vi^—Vk„)neti are also equivalent. □ 



CHAPTER 5 



Composition of the spreading models 

In this chapter we present some composition properties for spreading models. 
Among others wc show that the class of higher order spreading models introduced 
in |24| are also spreading models of the same order in our context. Moreover, we 
present several related results for and cq spreading models. 

1. The composition property 

Definition 5.1. Let X he a. Banach space with a Schauder basis. Let be a 
regular thin family, M e [N]°° and {xs)s£T an J"-sequence in X consisted by 
finite supported vectors. We will say that the J"-subsequence [xs)s£T\m is plegma 
disjointly supported (resp. plegma block) if for every plegma pair (si, S2) va. F \ M 
we have that supp(xsi) H supp(xs2) — (resp. supp(a;sj) < supp(a:s2)). 

Definition 5.2. Let A" be a Banach space with a Schauder basis, J- a regular thin 
family and {xs)seJ' an J^-sequence in X consisted by finite supported vectors. Let 
M g [N]°° such that {xs)s<^t\m generates an J^-spreading model (e„)„gN- We will 
say that (e„)„gN is plegma disjointly (resp. plegma block) generated by (a:s)sgjrfAf 
if {xs)sizjr^]^ is plegma disjointly supported (resp. plegma block). 

Definition 5.3. Let J^, Q be families of finite subsets of N. We define the ordered 
direct sum of J- and Q to be the family 

g®T =^s\Jt:s<Eg,teF and s < i| 

Remark 5.4. It is easy to see that if F and Q are regular thin families, then 
Q ® T \s also a regular thin family and o{Q (B J-) = o{F) + o{Q). In particular 
o{[nf © J") = o(J") + k, for every fc e N. 

Theorem 5.5. Let AT be a Banach space and (e„),igN be a Schauder basic sequence 
in SM.^{X), for some ^ < wi. Let E = < (e„)„gN > and for some fc e N, let 
(en)„GN G SMk{E) be a plegma block generated spreading model. Then 

(e„)„eN e SM^+k{X) 

Proof. Let be a regular thin family and o(J") = ^, {xs)sgJ' be an J"- 
sequence in X and M g [N]°° such that {Xs)sgj^\m generates (e„)„gN- We may 
also assume that J- is very large in M. Let (t/t)t6[N]'« in < (en)neN > which admits 
(en)niEN as a plegma block generated [N] '^-spreading model. By Remark l2.5l we may 
suppose that whole {yt)t(£[N]'' plegma block generates (e„)„gN as an [N] '^-spreading 
model. For every t & [N]'' we set Ft — supp(?;t) with respect to (e„)„gN and 
h = \Ft\- Then for every t e [N]'" the vector yt is of the form 

It 
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We set Q ~ [N]'' (B J-' and for every v G G we set tv and Sv the unique elements in 
[N]'' and T respectively such that v = tyU s„ and < Sy We split the proof into 
three steps. 
Step 1: We set 

g* = [veg: mins.„ > M{ltj} 

It is easy to verify that Q* is large in M. Hence by Theorem 11.51 there exists 
Lq G [M]°° such that Q \ Lq C Q* . For every v E Q \ Lq we define a finite 
sequence {s^, . ■ . , sj'^ ) as follows. Let s„ = {M{qi), . . . , M{q1^_,^^)}. Then for every 
j = 1, . . . ,lt^ we set s'j to be the unique element of f M such that 



We define the family {zv)veg\Lo by setting 



1, 



for every v G G \ Lq. 

Step 2: For every n e N we set 



n 



and (s^^ 



Xsj")'*^! is plegniaj 



It is easily verified that A„ is large in Lq. Inductively using Proposition 11.121 we 
construct a decreasing sequence {Ln)neN in [Lo]°° such that Plmn{Q \ in) C An 
for all n G N. Let L be a diagonalization of (L„)„gN, that is L{n) € i„ for each n. 
Step 3: In this step we will show that {zs)si^q\l admits (e„)„gN as a ^ + fc order 
spreading model. Indeed, first notice that the family Q is of order ^ + fc. Let 
((5^)„gN be a null sequence of positive numbers such that (xs)s^f\m generates 
(en)neN with respect to (i5^)„gN- Let also ((5^)„gN be a null sequence of positive 
numbers such that (yt)tG[L]'= generates (e^)„gN with respect to ((5^J„gN- Let C be 
the basis constant of (e„)„gN, K = sup{||yt|| : t G [L]^} and set 5n = 2CK5l^ + (5^, 

We will show that satisfies the conditions of Remark 12.61 concerning 

the sequence (e^)„gN with respect to ((5„)„gN and therefore there exists L' S [L]°° 
such that {zv)v^g\L' generates (e^)ngN as a C/-spreading model. Let / S N, 



a plegma m-tuple vn Q \ L with wi(l) > L{1) and 5i, 
(wi)'^]^ belongs to Ai- Notice that 



.,6/ e [-1,1]. By Step 2, 



(7) 



1=1 



< 



I 

1=1 



E^^ 



E 

i=l 



6^6, 



It is straightforward that 



(8) 



i=l 



E ^^^^ 



S. A. ARGYROS, V. KANELLOPOYLOS AND K. TYROS 



53 



Since (e„)„gN is Schauder basic with basis constant C and for every t e [i]*^, 
\\yt\\ < K, we have that for every t E [L]'^ and I < j < k, I'^i^jQ)! ^ 2CK. Hence 
for every 1 < i < I, t e [L]'' and 1 < j < h, we have that bia%^(^j-) e [-2CK, 2CK]. 
Since (wi)'^i belongs to Ai we have that wi(l) > M(J2\=i h^.) > -^(X)i=i 't^;)- 



(9) 



i=l J=l 

The inequahties ©, © and (P yield that 



< 2CKd} 



i=l 



< (5f + 2CK61 = Si 



Hence by Remark we get that for some L' G {zv)vegiL' generates (e„)„(=N 

as a fj-spreading model. □ 

Remark 5.6. The above proof actually gives more information concerning the 
structure of the sequence {zv)veg\L- First notice that by Step 2, we have that if we 
additionally assume that X has a Schauder basis then 

(i) If (e„)ngN is plegma disjointly (resp. plegma block) generated by {xs)seJ^\M 
then (e„)„gN is plegma disjointly (resp. plegma block) generated by 
{zv)vegiL'- 

(ii) If {xs)seJ^\M admits a disjointly generic decomposition then {zv)veGlL 
also does. 

(iii) For every v E G \ L there exist m G N and si, . . . , s„i G J- such that: 

(a) 2.y G < Xsj^ , . . . , > 

(b) \sj \ < \v\, for aU I < j < m. 



Remark 5.7. Let us point out that Theorem 15.51 does not seem extendable for 
arbitrary thin family Q in place of [N]''. The main difficulty for this is that the 
elements of G when o{G) > lj are not of equal length. Thus in the new thin family 
G (BJ'^ the plegma pairs are not decomposed into two plegma pairs from the families 
and G- However a general composition result (i.e. for arbitrary thin family G) 
seems provable after a modification of the notion of plegma on ^ © J^. This is 
beyond the purposes of the present paper and thus it will be not further discussed. 



2. Strong A:-order spreading models 

In |24| is provided a different notion of fc-order spreading model. In this subsec- 
tion we will recall their definition and we will discuss its relation with the present 
context. According to |24j we have the following terminology. 

1) Let Eo,E be Banach spaces. We write Eq E ii E has a Schauder ba- 
sis which is a spreading model of some seminormalized basic sequence in Eq and 

k 

Eq ^ E if Eq ^ El ^ . . . ^ Ek-i E for some sequence of Banach spaces 

El, . . . , Ek~i- Note that for every /c G N if i?o — ^ £^ then E has a subsymmetric 
Schauder basis. 
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2) Let Ei,E2 be Banach spaces with Schauder bases (e^J„gN and (e^)„gN 
respectively. We will write Ei^E2 if (e^J„gN is a spreading model of some semi- 
normalized block subsequence of (e^)„gN- Let Eq be a Banach space and ii^ be a 

k 

Banach space with a Schauder basis. Similarly for some k > 1, we say that Eq — yE, 

bl 

if there exists a sequence Ei, . . . , E^-i of Banach spaces with Schauder bases 
(e^)„gN, ■ • ■ , (e^~^),ieN respectively such that Eo^Ei^E2-f^ ■ ■ . -^^Ek-l-^^E. 

Definition 5.8. Let Eq, E be Banach spaces and k E N. We say that _E is a strong 
A:-order spreading model of Eq if Eq A E. Additionally, is a block strong fc-order 

k 

spreading model of Eq if Eq — >E. 

bl 

Under the above definition we have the following which is a direct consequence 
of Theorem 15.51 

Corollary 5.9. Let X be a Banach space and i? be a Banach space with Schauder 

k 

basis (e„)„gN such that X — yE, for some k > 1. Then (e„)„gN is a fc-order spreading 

bl 

model of X. 

Remark 5.10. In |24j is constructed a space which does not contain any i^, for 
1 < p < oo, or Co spreading model. In the same paper is asked if there exists a 
space which does not contain any £p , for 1 < p < oo, or cq strong fc-order spreading 
model of any fc G N. In Chapter [TT] we answer affirmatively this problem. 

Remark 5.11. Let us also mention that generally the class of block strong fc-order 
spreading models is strictly smaller than the corresponding one consisted by the 
plegma block generated fc-order spreading models. In Chapter |9] we construct a 
space having this property. 



3. Applications to P and cq spreading models 

3.1. £P spreading models. 

Definition 5.12. Let J-" be a regular thin family, M e [N]°°, p G [l,oo), A be a 
Banach space and {xs)s^jr an J^-sequence in X. We say that the J^-subsequence 
(xs)sej^ \ M generates P" (resp. cq) as an J^-spreading model if {xs)seT \ M 
generates as an J^-spreading model a sequence equivalent to the usual basis of £p 
(resp. Co). 

Remark 5.13. It is easy to see that an J^-subsequence (xs)sgjr \ M generates 
as an J^-spreading model iff {xs)sej^ \ M generates an J^-spreading model and 
there exist C, c > such that 

n 1^ n ^ 1. 

j=i j=i j=i 

for all n G N, fli, . . . , a„ G M and {sj)"^i plegma n-tuple in J" \ M with si(l) > 
M{n). 

Proposition 5.14. Let X be a Banach space, ^ < wi and (e„)„gN a nontrivial 
sequence in SM^'''^{X) such that the space E = < (e„)„gN > contains an isomor- 
phic copy of £P (resp. co), for some p G [l,oo). Then A admits an £p (resp. co) 
spreading model of order ^ -f 1 . 
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Proof. Let be a regular thin family of order ^, M € [N]°° and {xs)seJ' an 
J-"-sequence in X satisfying the conclusion of Lenima l4.6l for (e„)„gN- Let L e [M]°° 
such that (xs)seJ^\L is subordinated. Let f> : T \ L (X, w) be the map witnessing 
this. Let x'g = Xs — ^(0) for all s S \ L. By passing to an infinite subset of 
L we may suppose that (a;^)sgjrfL generates an J^-spreading model (e^)„gN- By 
Proposition |4?16] the sequence (e^)„gN is non trivial and by Theorem 13.321 it is also 
Schauder basic (actually it is unconditional). Since by our assumption the space 
E ~ < (e„)„gN > contains an isomorphic copy of P (or cq), applying Proposition 
I4.18l we get a block subsequence (?/n)neN of (eJ^)„gN equivalent to the usual basis of 
£P (resp. Co). By passing to a subsequence of (?/n)neN we may suppose that (?/n)neN 
generates P' (resp. cq) as (an order one) spreading model. By Theorem 15.51 (for 
A: = 1) the result follows. □ 

3.2. Isometric and cg spreading models. The following is one of the 
well known results due to R. James (c.f. [16j). 

Proposition 5.15. Let (x„)„gN be a normalized sequence in a Banach space X 
equivalent to the usual basis of (resp. cq). Then for every £ > there exists a 
block normalized subsequence {yn)n&i of {xn)n&i which admits lower constant 
1 — e (resp. lower cq constant 1 — e and upper cq constant 1 + e). 

Using the standard diagonolization argument the above proposition yields the 
following. 

Proposition 5.16. Let X be a Banach space with a Schauder basis. If X contains 
an isomorphic copy of £^ (resp. co) then X admits the usual basis of (resp. cq) 
as a block generated spreading model of order one. 

The above proposition, Theorem l5 . 51 and Remark l5 . 6l readilv yield the following. 

Corollary 5.17. Let X be a Banach space with a Schauder basis and (e„)„gN be a 
Schauder basic sequence in SAi^{X), for some ^ < wi. Suppose that < (e„)„gN > 
contains an isomorphic copy of (resp. co). Then X admits the usual basis of £^ 
(resp. Co) as a ^ + 1-spreading model. 

Precisely, for every regular thin family F of order ^, M e [N]°° and J^-sequence 
{xs)seT in X such that the J^-subsequence {xs)seT\M generates (e„)„gN as an 
J^-spreading model, there exist L S [M]°° and a ^-sequence {zy)^^Q, where Q — 
[N]^ © J- , which satisfy the following: 

(i) The ^/-subsequence {zy)vi^g\L generates the usual basis of £^ (resp. co) as 
a ^-spreading model. 

(ii) For every v G Q \ L there exist m G N and si, . . . , Sm G J- such that 
Ztj G< , . • . , Xs„^ > and \sj \ < \v\, for all 1 < j < m. 

If in addition the J^-subsequence {xs)s£T\m plegma block generates (e„)„gN, then 
the tj-subsequence {zy)y^g^L plegma block generates the usual basis of £^ (resp. 
Co)- 

Theorem 5.18. Let X be a Banach space. Then for each 1 < ^ < wi at least one 
of the following holds. 

(i) The usual basis of £^ or cq belongs to SM^^KX). 

(ii) For every (e„)„gN G SM'^^''{X), the space E = < (e„)„gN > is refle-xive. 
Moreover every Schauder basic (e„)„gN S SA4^^'^{X) is unconditional. 
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Proof. Let X be a Banach space and 1 < ^ < cui. Assume that the usual 
basis of and cq do not belong to SM^+UX). Let (e„)„6N e SM^''''{X). We 
will show that the space E = < {e„)neN > is reflexive. Indeed, let be a regular 
thin family of order ^, M g [N]°° and {xs)seJ' satisfying the conclusion of Lemma 
14.61 Let L e [M]°° such that the J^-subsequence {xs)s£T\l is subordinated and let 
(p : J- \ L {X, w) be the continuous map witnessing this. Then either ip{$) = 
or ^(0) ^ 0. 

Let <^(0) ~ 0. Then by Theorem 13.321 we have that (e„)„gN is unconditional. 
By Corollarv l5.171 the space E = < (e„)„gN > cannot contain any isomorphic copy 
of Co or Hence by James theorem (c.f. |16j ) we have that E is reflexive. 

Let ^(0) ^ 0. For every s e T \ L we set x'^ = Xs - ^(0). Let N € [L]°° 
such that {x'g)s^j^\N generates an J^— spreading model (e^)„gN- By the above the 
space E' = < (e^)„gN > is reflexive. Clearly we may consider that both (xs)si^j^\n 
and {x'g)s£T\N are J^-subsequences in a Banach space with a Schauder basis (for 
example in C[0, 1]). By Lemma [4. 171 we have that E = < (e„)„gN > is isomorphic 
to a subspace of R E' . Since E' is reflexive, we have that M.® E' as well as every 
subspace of it is reflexive. Hence E is reflexive. 

Finally by Theorem 14.81 everv Schauder basic (e„)„gN G SM'^^'^iX) is uncon- 
ditional. □ 

Corollary 5.19. Let X he a reflexive space. Then one of the following holds. 

(i) The space X admits the usual basis of £^ as a ^-order spreading model, 
for some ^ < wi. 

(ii) The space X admits the usual basis of cq as a ^-order spreading model, 
for some ^ < wi. 

(iii) For every nontrivial spreading model (e„)„gN of any order admitted by 
X , we have that the space E — < (e„)„gN > is reflexive. 

Moreover every Schauder basic (e„)„gN G SA4^^'^{X) is unconditional. 



CHAPTER 6 



i spreading models 



In this chapter we study spreading models generated by J^-sequences. In 
the first section we establish the non distortion of £^ spreading models and thus 
we extend the corresponding known result for spreading models of order 1 to the 
arbitrary order. In the second section we present a technique of splitting a generic 
assignment to an /"-sequence. This technique will be used in the sequel to show 
that, under certain natural assumptions on the space X, whenever X admits a 
spreading model of order ^ then X also admits a plegma block generated one of 
the same order. Finally in the last section we extend the well known result of H.P. 
Rosenthal concerning Cesaro summability of weakly null sequence to all spreading 
models of finite order. 



1. Almost isometric £^ spreading models 

Let M G [N]°°, C > c > 0, T he a regular thin family and {xs)sgJ' an 
sequencc in a Banach space X. We will say that the /"-subsequence {xs)seJ^tM 
generates as an F-spreading model with constants c,C if {xs)seJ^tM generates 
an /"-spreading model (e„)„ which is c, C isomorphic to the standard basis of i^, 
that is 

n n n 

c^\a3\<\\Yl "J^J - ^ 51 I 

for all n € N and ai, . . . , a„ € M. In particular if \\xs\\ < 1, for all s £ F \ M, then 
we may assume that C = 1 and in this case we will say that {xs)seJ^tM generates 
£^ as an F-spreading model with constant c. 

Proposition 6.1. Let M G [N]°°, 1 > c > 0, /" be a regular thin family and 
{Xs)seJ^ be an /"-sequence in the unit ball Bx of a Banach space X. Suppose that 
{Xs)s€T\M generates £^ as an /"-spreading model with constant c. Then for every 
e > there exist L e [M]°° and an /"-subsequence {ys)sej^iL in Bx such that the 
/"-subsequence {ys)seJ^\L generates £^ as an /"-spreading model with constant 1 — s. 

Proof. Let (e„)„eN be the /"-spreading model generated by {xs)seJ^\M- Then 
for every n G N and ai , . . . , a„ G M, we have that 



C 



\aj\ < W^aj^jW <Y\aj\ 
j=i j=i j=i 

Clearly we may assume that 



(10) c = inf 




n G N and ai, . . . , a„ G M such that \aj \ = 1 
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Let e > and choose < e' < c such that 

c-e' 



> 1-e 



c + 2e' 

By passing to an infinite subset of M, if it is necessary, we may assume the following: 

(a) The family J- is very large in M. 

(b) For every n G N, ai, . . . , a„ G [—1,1] and every plegma n-tuple {tj)'j^i in 
T \ M with minti > M{n), 



<£' 



By (Uni), there exist k e N and h, ... ,bk e [-1,1] with X^Li l^il = 1 such that 



<c + e' 



Hence by (b), for every plegma fc-tuple (si)i=i I with minsi > M{k) we 

have that 

k 



i=l 



<c + 2e' 



For each n e N, set /„ = {M{n ■ k + I), M{{n + 1) • k)}. Then obviously, 
max(/„) < min(/„+i), = k and min(/„) > M{n ■ k). We set 

L = {max/„ : n G N} = {M((n + 1) • fc) : n € N} 

Since is regular and T is very large in M , it is easy to see that for every 1 < i < k 
there exists a unique if C {^n^ (*) : 1 < j < with i| G J". We set 



c + 2e' ' 
for all s € J" [ L. 

We claim that the J"-subsequence {ys)seT\L generates as an J"-spreading 
model with constant 1 — e. Indeed, let n e N, ai,...,a„ G [—1,1] and {sj)^^-^ 
plegma n-tuple in \ L with si(l) > L{n). First notice that the n ■ /c-tuple 
{tl^ , . . . , . . . , t^" , . . . , t^" ) is plegma and tl^ (1) > min /„ > M(n • k). Hence 



J_ b,. 



2e' 



lEE 

i=i *=i 



>(c-e')EE 



C+2£' 



c + 2e' 



c + 2e' » 

n fc 

yEKlEl^^ 



1=1 



2£ 



7EI 



□ 



Remark 6.2. Let us point out that the proof of the above proposition yields 
that additional properties concerning the initial J^-sequence {Xs)seJ^ pass to the J-- 
subsequence {ys)seJ^iL that generates the almost isometric J"-spreading model. 
In particular assuming that X has a Schauder basis and the {xs)seJ^\M plegma 
block (resp. plegma disjointly) generates £^ as an J^-spreading model then the 
same holds for {ys)sej^\L- Similarly if {xs)s(eJ^\m admits a generic (resp. disjointly 
generic) decomposition then {ys)s<£j^\L also does. 
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2. Splitting the generic assignments 

Definition 6.3. Let X be a Banach space with a Schauder basis. Let be a regular 
thin family, M G and Q C [M]<°° be a thin family such that Q n T \ M. Let 
{xs)seJ^ be an J^-sequence in X such that {xs)si£J^\ai admits a generic assignment 
{if, {Xs)s€T\M, {yt)t^j^^M)- 

The (y-splitting of {{xs)seJ^\M,$, {xs)seJ^\M, (yOtg^fji/)) is the pair 

which is defined as follows. 

(i) (a) For every t £ Q, 

~(i,e) ~ , ~(2,e) n 
Vt = yt and yl ' = 

(b) For every t£{:F \ M)\ §, 

-(1-5) n J ~(2,e) ~ 

yl = and yl = yt 

(ii) (a) For every t £ Q, 

<^(i'^)(i) = ip{t) and ^(2,e)(^) ^ Q 
(b) For every t e {:F \ M)\g, 

= and ^(2.e)(^) ^ _ 

where Wt the unique element of Q such that Vt C t. 

(iii) For every i = 1,2 and for all s E T \ M, 

Remark 6.4. 

(i) Notice that for each s E T \ M, 

X, = + xi^'S) and xs = ^1^'^^ + xf'^'^ 

and for each t E T \ M, 

m - ^^'-'Ht) + V^'-'\t) and yt = y['^'^ + y['-'^ 

(ii) It is easy to see that {ip^''^\ {xi''^^)sej^\M, (yt''^')tg^fM) ^ generic as- 
signment to {xi^'^^)seJ^\M, for each i — 1,2. Moreover notice that 

^(2:5) (0) = and ^(i'^)(0) ^ ^(0) 

Lemma 6.5. Let X be a Banach space with a Schauder basis. Let be a regular 
thin family, M E [N]°° and G C [M]<°° such that G \Z T \ M. Suppose that 
g(A/-i) = {s e [N]<°° : M(s) G C/} is regular thin. Let {xs)seJ' be an J"-sequence 
in X such that (a;s)sgjrfM admits a generic assignment (^, {xs)s<£J^\m, {Vt)t^p^M)- 
Then every spreading model admitted by {x^}'^'^)s£T\m belongs to SMo(g){X). 

f 1 o 

Proof. Let L E [M]°^ such that {xh ' )seJ^\L generates an J^-spreading model 
(e„)„gN. We set n = GiL-^) {s G [N]<°° : L{s) E G}- By the remarks after 
Definit ion II . 2 II we have that "H is a regular thin family with o{H) = o{G \ L) = o{G). 
For every t E H we set Wt — x':s^'^\ where s E T \ M and L{t) C s. By the 
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definition of {xi.^'^^)sej^\M we have that Wt is well defined. It is easy to see that 
{wt)te'H generates (e„)„gjF- as an 'H-spreading model. □ 

Definition 6.6. Let F be regular thin and L — {/i,l2, . . .} G [N]°° such that J- is 
very large in L. We define 

-^/L = {{^fei,---,^fc„}:meN and . . . , e ^(i^) f i(2N - 1) j 

(where L(2N - 1) = {^i, /g, . . .}). 

The following lemma is easily verified. 

Lemma 6.7. Let F be regular thin and L £ [N]°° such that JF is very large in L. 
Then the following hold. 

(i) The family F/ l is regular thin. 

(ii) T/lHT] L(2N). 

(iii) o{F / l) = o{J-(i-^)) < o{F), where li — mini. 

Proposition 6.8. Let X be a Banach space with a Schauder basis and (e„)„gN G 
SW''%X). Let 

= min {? < c^i : (e„)„eN e SM'^'-'iX)] 

Let be regular thin of order ^o, M e [N]°° and {xs)si^j' a relatively weakly com- 
pact J^-sequence in X such that the J^-subsequence (xs)seJ^\M generates (e„)„(=N 
as an J^-spreading model and admits a generic assignment. 

Then for every L G [M]°°, the J"-subsequence {x^}'^'')ser\L(2fi) does not admit 
(en)neN as an J^-spreading model, where Q = J- / l- 

By the above and Corollary 14.21 we have the following. 

Corollary 6.9. Let X be a Banach space with a Schauder basis. Suppose that 
SM.'^'^'^{X) contains a sequence equivalent to the usual basis of . Let be the 
minimum countable ordinal ^ such that SAi^^'^{X) contains a sequence equivalent 
to the usual basis of Let (e„)„gN € S^A'^^'^{X) equivalent to the usual basis of 
and let c > be the lower constant of (e„)„gN. Let F be regular thin of order 
^0, M G [N]°° and {xs)s£r a relatively weakly compact J^-sequence in X such that 
the J^-subsequence (xs)si^f\m generates (e„)„gN as an J^-spreading model and a 
generic assignment. 

Then for every L e [M]°° there exists N e [L(2N)]°° such that {x'^s'^^)seT\N 
generates as an J^-spreading model with lower constant c, where Q — J- / l- 

Notation 6.10. Let (si,S2) be a plegma pair in [N]^°°. We set 

S2/si = S2 n {1, . . . ,maxsi} 

Remark 6.11. Let F be regular thin and L — {Zi,Z2, • ■ •} G such that F 

is very large in L. Let us observe that F/l C {s/s' ■ {s',s) G Plm{F \ L)}. 
Precisely, for every s e F \ L(2N) let s e J" \ L(2N - 1) defined as follows. If 
s = {Ini < • ■ • < 'rifc}, then s^is the unique initial segment of {Zi, /m+i, . . . , lnk-i+i\ 
in F . Then it is easy to see that 

-^/l C {s/^:s(^F r£(2N)} 
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Lemma 6.12. Let X be a Banach space with a Schauder basis, T a regular thin 
family and M = {mi, m2, . . .} £ [N]°° such that T is very large in M. Let 
{xs)seJ^ J-"-sequence in X, such that {xt)f^p^]^ admits a generic decomposi- 
tion {yt)t(,^^M- ^^'^^y s g J" t M(2N), with s = {M{2pi) < ... < M{2pk)}, we 
set s' to be the unique initial segment of {M{2pi — !)<...< M{2pk — 1)} in 
and s* = s/s'. For every s \ A/(2N), let 

Zs =Xs - ^yt = ^ yt 

Then {zs)seT\M{2¥i) is a plegma block J^-subsequence. 

Proof. Let (si,S2) be a plegma pair in \ M{2N). Then it is easy to see 
that the (s^, si, •S2) is a plegma 4-tuple. Hence maxsi < maxs2. Therefore 
si \ (si/si) < S2 \ {s2/s*)- Thus if max((si/s')) = si(fc) and min(s2/s') = S2{1), 
then we have that k < I. By the definition of the generic decomposition we have 
that < Zs2. □ 

3. Plegma block generated £^ spreading models 

Definition 6.13. Let X be a Banach space with a Schauder basis (e„)„gN- We 
say that X satisfies the property V, if for every S > there exists A: G N such that 
for every finite block sequence {xj)'j^i, with \\xj\\ > 6 for all j = 1, . . . , k, we have 

that IIE.ti^.ll > 1- 

Remark 6.14. 

(i) It is easy to see that the property V is preserved under equivalent renorm- 
ings. 

(ii) If X is a Banach space with an unconditional basis (e„)„gN then X satisfies 
the property V iff cq is not finitely block representable in X. 

Theorem 6.15. Let X be a Banach space with a Schauder basis (e„)„gN satisfying 
property V. Let ^ < lui and be a regular thin family of order ^. Let {Xs)seJ^ 
be a weakly relatively compact J-"-sequence in X and Ms [N]°° such that the T- 
subsequence {xs)seJ^\M generates £^ as an J^-spreading model. Then there exist an 
J"-sequence (zs)sgjr in X and L e [M]°° such that is plegma block generated as 
an J^-spreading model by the J^-subsequence {zs)seJ^\L- 

Therefore, if for some < uji £^ is admitted as a ^-order spreading model by 
a weakly relatively compact subset of X, then £^ is plegma block generated as a 
^-order spreading model. 

Lemma 6.16. Let J" be regular thin, M e [N]°°, < S < c < 1 and X be 
a Banach space with a basis. Let {xs)seJ^ be an J-"-sequence in Bx, such that 
{xs)seJ^\M admits a generic assignment {ip,{xs)seJ^\M,iyt)t(zfiiM)- Assume that 
{xs)seJ^\M generates £^ as an J^-spreading model with constant c. If for every 
plegma pair (si, S2) in T \ M we have that || X]tizs2/si VtW ^ then X admits 
as a plegma block generated J^-spreading model. 

Proof. We may suppose that T is very large in M. Let {zs)j^im{2N) be the 
J- — subsequence defined in Lemma [6. 121 Then for every s ^ J- \ M(2N), 

\\xs-z,\\ = II ^ytW <6 

tfZs' 
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This implies that every J^-spreading model admitted by {zs)s£T\m{2N) is equivalent 
to the usual basis of £i (with lower constant c — 5). Hence £i is plegma block 
generated by the J^-subsequence {zs)seJ^\M{2¥i) as an J^-spreading model. □ 

Proof of Theorem 16.151 By Remark [2^ and Remark [6. 141 we may suppose 
that the basis of X is bimonotone. Let ^ < wi be the minimum countable ordinal 
such that there exists a weakly relatively compact subset A X such that £^ is 
isomorphic to a ^-order spreading model of A. 

Let T be regular thin of order ^, M e and {xs)s£T a relatively weakly 

compact J^-sequencc in Bx such that the subsequence {xs)seJ^\M generates as an 
J^-spreading model with constant c. By Proposition 14. 141 there exists Mi S [M]°° 
such that ixs)seJ^\Mi admits a generic assignment {xs)seJ^\Ah, [yt)teT\Kh)- 

Let < (5 < c and let A; G N such that for every finite block sequence (a;^)^^^, 
with \\xj\\ > 5 for all j = 1, . . . , fc, || ^ill > 1- Proposition 11.121 there exists 

M[ S [Mi]°° satisfying one of the following: 

(i) II Etcs2/,i ^tll >5 for every plegma pair (si, S2) \n T \ M[, 

(ii) II Etcsa/si ^*ll ^ fo'' every plegma pair (si, S2) in F \ M[. 

If (ii) occurs then the result follows by Lemma fG.lGI Otherwise by Lemma there 
exists M2 € [Af{(2N)]°° such that (a;i^'^^')sgjrfj\/2 generates as an J^-spreading 
model with lower constant c, where Qi = J- / m[- 

We set xl = xf''^'\ x^ = for aU s e J" f M2 and ^^(i) ^ 

g| = for aU i e f M2. Similarly by Proposition [TT^ there exists e 

[M2]°° satisfying one of the following: 

(i) II Etcs2/,, ylW > ^ for every plegma pair (si, S2) in J" f Af;^, 

(ii) II Etcs2/.i ^11 < fo'^ every plegma pair (si, S2) in J" t A^- 

Again if (ii) occurs then the result follows by Lemma [6.161 Otherwise by Lemma 
EH there exists M3 e [M^{2N)]°° such that (a;?'^'^)sg.FrM3 generates as an 
J^-spreading model with lower constant c, where Q2 — ^ I m'^- 

We set xl = xl x^ = for (dl s e T \ M3 and (^^(t) = (^■S^'){t), 

yf = for aU i e ^ r A^a- Notice that xi^'^''> < xl^^'^'\ pi''^'^|| > S, 

\\xs ^ \\ > 5 and ' ^11 < 1- Continuing in the same way it is clear 

by the property V of the space X that after at most k steps case (ii) will occur. □ 

Corollary 6.17. Let X be a reflexive Banach space with a Schauder basis (e„)„gN 
satisfying property V. Let ^ < wi and be a regular thin family of order ^. 
Let (xs)sgjr be an J^-sequence in X and A/ e such that the J^-subsequence 

{xs)seJ^\M generates £^ as an J^-spreading model. Then there exist an J^-scquence 
(zs)sgjr in X and L G [M]°° such that £^ is plegma block generated as an 
spreading model by the J^-subsequence (zs)sgjrfL- 

Therefore, if for some ^ < oji £^ is admitted as a ^-order spreading model, then 
£^ is plegma block generated as a ^-order spreading model. 

Remark 6.18. As we show in Chapter[Tni the assumption that the space X satisfies 
property V is necessary in Theorem 16. 151 
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4. fc-Cesaro summability vs fc-order £^ spreading models 

In this section we focus on spreading models of fc-order, witli fc e N, and 
especially we study the relation between the fc-Cesaro summability of an [N]*^- 
sequence and the spreading model that it generates. The main result of this section 
is Theorem 11281 

Definition 6.19. Let X be a Banach space, xq e X fc e N, (a;s)5g[N]fc be a [N]*^- 
sequence in X and M e [N]°°. We will say that the [N] '^-subsequence (a;s)sg[A/]fc is 
fc-Cesaro summable to xq if 

se[A/|n]'= 

where M\n = {M(l), M{n)}. 

Remark 6.20. Let X be a Banach space, xq & X , k G N and (xs)^^]^];: be a [N]*^- 
sequence in X. It is easy to see that if the [N] '^-sequence (a;s)sG[N]'= norm converges 
to Xo, then is fc-Cesaro summable to xq. Moreover if (a;s)sg[N]'! is weakly 

convergent and in addition is fc-Cesaro summable to xq, then xq is the weak limit 

of (Xs)sg[N]'=- 

Proposition 6.21. Let X be a Banach space with separable dual, xq ^ X , k E N 
and (xs)se[N]'' be a [N] '^-sequence in X. Assume that for every M e [N]°°, {xs)se[M]^' 
is fc-Cesaro summable to xq- Then there exists L e [N]°° such that {xs)se[L]>' weakly 
converges to xq. 

Proof. First observe that for every x* e X* , s > and M e [N]°° there exists 
an L G [M]°° such that \x*{xs) — x*{xo)\ < e for all s e [L]*^. Next for a norm 
dense subset {x* : ti e N} of X* we inductively choose an L G [N]°° such that for 
every n € N and s £ [L]'' with mins > L{n) we have that \x*{xs) — x*{xo)\ < 
for all 1 < i = 1 < n. This yields that {xs)s£iL]'' weakly converges to xq- □ 

Remark 6.22. It remains open if the above result remains valid without any 
restriction in X* . 

We will need a deep density Ramsey theorem of H. Furstenberg and Y. Katznel- 
son (c.f. [S\). Actually we will use a reformulation of this result which is due to W. 
T. Cowers (c.f. jl2j ) and it is stated as follows. 

Theorem 6.23. Let 5 > 0, k e N and F be a finite subset of Z'^. Then there 
exists Nq Q N such that for all N > Nq, every subset A of {1, ... , N}'' of size at 
least SN'' has a subset of the form a + dF for some a ^ll' and d G N. 

Lemma 6.24. Let 5 > Q and fc, Z € N. Then there exists A'o G N such that for every 
N > No and every subset A of the set [{1, . . . , N}]'' of all fc-subsets of {1, . . . , A^} 
of size at least S{^), there exists a plegma Z-tuple {sjYj^i in A. 

Proof. For every I < j < I, let sj = (j, I + j,2l + j, {k - 1)1 + j) . Clearly 
is plegma Z-tuple in [N]*^. We also set t = (1, . . . , fc) and let 

F = {t,si,...,si} 

Since 

m 1 
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there exists Nq such that for every N > Nq and every subset ^ of [{1, ... , N}]'' 
of size at least S{^) has density at least in {!,... ,N}''. Hence Theorem 16.231 
(applied for ^fr in place of S) yields that there exists Nq > Nq such that for every 
N > A'^o, every subset A of [{1, . . . ,-/V}]*'' of size at least 6{^) has a subset of the 
form a + dF for some a e Z*^ and d G N. We will complete the proof by showing 
that (a + dsjYj^i is plegma. 

Indeed, since d > 0, a{i) + dsj-^{i) < a{i) + dsj^{i), for all 1 < j < fc and 
1 < < j2 < ^- Hence (since Sj G [N]*^, for all 1 < j < Z), it suffices to show that 
for every 1 < i < fc — 1, 

a{i) + dsi{i) < a{i + 1) + dsi{i + 1) 

Indeed, fix such an i. Since a + dt E A C [{1, . . . ^N}]^, we get that for every 
a{i) + dt{i) < a{i + 1) + dt{i + 1) or a{i + 1) + d > a{i). Therefore, 

a{i) + dsi{i) = a{i)+d{si{i + l)-l) < a{i + l)+d+dsi{i+l)-d a{i + l)+dsi{i+l) 

□ 



Remark 6.25. It is easy to see that for fc = 1 the preceding lemma trivially holds 
(it suffices to set A^o = Til) and therefore Theorem l6.23l is actually used for k >2. 
However it is not completely clear to us if the full strength of such a deep theorem 
like Furstenberg-Katznelson's is actually necessary for the proof of Lemma 16.241 

Lemma 6.26. Let X be a Banach space, k £ N and (a::s)sg[N]'= be a bounded [N]*^- 
sequence in X. Let M e [N]°° such that the subsequence {xs)se[M]f' generates a 
Cesaro summable to zero [N] '^-spreading model (e„)„gN- Then for every L £ [M]°° 
the subsequence {xs)se[L]'' is A:-Cezaro summable to zero. 

Proof. Assume on the contrary that there exists L £ [M]°° such that 



lim 



0" 



se[L\n] 



^0 



Then there exists a 6 > and a strictly increasing sequence {pn)n of natural 
numbers such that for every n G N, 



Oil i: 



se[L\p„ 



> 



Hence there exists a, x* £ Sx' such that 



For each n £ N, let 



r 9 ^ 

An={t£ [{1, ■.■,Pn}f ■■ <(a:L(t)) >^\, 
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where K = sup{||x,|| : s e [nf} and L{t) = {L{t{l)) , . . . , L{t{\t\))} . Then 

*e^n t6[{l,...,p„}]'=\A„ 

<|A.|A-4(C;)-Kl)<|A..|A- + ^f:) 

The latter yields that 

For every m e N applying Lemma [6. 241 for 5 — ^ and Z = 2m — 1 there exists Nm 
such that for every N > Nm there exists a plegma (2m — l)-tuple (ij)^!^]"^ in A^r. 
Notice that the m-tuple is plegma with mini^ > m and x*j^{xLi^tj)) > fj 

for all m < j < 2m — 1. Setting Si = i(t,„_i+i) for all 1 < i < m, we have that 
(si)™]^ is a plegma m-tuple in [L]'' with minsi > L{m) and 



I — 

I m -"^ — ' 



>2 



This easily contradicts that (e„)„gN is Cesaro summable to zero. □ 

The following result is immediate by Proposition l4.3l and Lemma [6.261 

Proposition 6.27. Let X be a Banach space, k E 'N and (a:s)^g[f^]fc be a bounded 
[N]''-sequence in X. Let M e [N]°° such that the subsequence {xs)se[M]'' generates 
an unconditional [NJ'^-spreading model (e„)„gN- Then at least one of the following 
holds: 

(i) The sequence (e„)„gN is equivalent to the standard basis of 

(ii) For every L S [M]°° the subsequence (xs)se[L]'' is fc-Cesaro summable to 
zero. 

Theorem 6.28. Let X be a Banach space, fc e N and (a;s)sg[p]]fc be a weakly 
relatively compact [N] '^-sequence in X. Then there exists M £ such that at 

least one of the following holds: 

(i) The subsequence {xs)se[M]'' generates an [NJ'^-spreading model equivalent 
to the standard basis of 

(ii) There exists xq G X such that for every L E [M]°° the subsequence 
{xs)g^[]^^k is /c-Cesaro summable to xq- 

Proof. Let Mi E such that the subsequence {xs)se[Mi]^' generates an 

[N] ''-spreading model (e„)„gN- By Proposition 13.111 there exists M2 E [Mi]°° such 
that the subsequence {xs)se[M2]'' is subordinated. Let ^ : [M2]'' be the 

continuous map witnessing this. Let xq — (p{%)- For every s E [M2]'' we set x'^ — 
Xs - <^(0). Notice that the map tJ) : [Ms]'' -> {X,w) defined by ipit) = (p{t) - Lp{^) 
is continuous. Hence {x'^) gfz^]^f.,^k is subordinated. Observe that 7/'(0) = 0. Let 
M E [M2]°° such that the J'-subsequence [x'i,)s£T\L2 generates (e^)„gN as an F- 
spreading model. By Theorem 13.321 we have that (e^)„gN is unconditional. By 
Proposition 16 . 2 71 we have that either (eJ^)„gN is equivalent to the usual basis of (.^ 
or for every L E [M]°° the subsequence (a;g)sg[i]fc is fc-Cesaro summable to zero. 
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The first alternative using Corollary 14.21 yields that (e„)„gN is equivalent to the 
usual basis of The second alternative, as Xs = x'^ + xq, easily yields that for 
every L e [AI]°° the subsequence {xs)s<£[l]'' is fc-Cesaro summable to xq. □ 

Remark 6.29. Let us point out here that the case fc = 1 of Proposition 16.271 is 
actually a well known theorem due to H. Rosenthal. Notice also that in the case 
k ^ 1 the two alternatives are mutually exclusive. This does not remain valid for 
k > 2. Indeed, in Example [T] setting = [N]'^ we have that the basis (es)sg[N]*: 
generates an £^ spreading model of order k. Moreover for every L S [N]°° the 
subsequence (es)sg[L]'= is fc-Cesaro summable to zero. To see this let L E and 
n S N. Then every plegma tuple in [ijn]'' is of size less than n. Thus 

||a)-i^K:se[L|n]'=}||<«a)-^^0. 

Let us close this section by giving the following definition which is an attempt 
to introduce a transfinite Cesaro summability. 

Definition 6.30. Let J" be a regular thin family, M € [N]°° and n € N. We set 

J" \ {M\n) = {s e J" : s C M\n}. An J'-subsequence {xs)sgj^\m in Banach space 
X is said to be J^-Cesaro summable to xo G ^ if 

\T\{M\n)\ ^ ^ ^0 

The following problem is the transfinite analogue of Theorem 16.281 

Problem 3. Let be a regular thin family, X be a Banach space and {xs)seT 
be a weakly relatively compact J^-sequence in X. Does there exist M e [N]°° such 
that at least one of the following holds: 

(i) The subsequence {xs)sgj^\m generates an J"-spreading model equivalent 
to the standard basis of 

(ii) There exists xq E X such that for every L G [M]°° the subsequence 
{xs)seJ^\L is J^-Cesaro summable to xq. 



CHAPTER 7 



Co spreading models 

In this chapter we study Cq spreading models generated by J^-sequences. In the 
first section we present a combinatorial result concerning partial unconditionality 
in infinitely branching trees in Banach spaces. Based on this result and using 
the splitting technique of generic assignments, presented in the previous chapter, 
we establish a corresponding to £^ result for plegma block generated cq spreading 
models. Finally in the last section we deal with the duality between cg and 
spreading models. 

1. On partial unconditionality of trees in Banach spaces 

In this section we present a Ramsey result concerning partial unconditionality 
in trees in Banach spaces. Our approach is related to the corresponding one, stated 
for sequences instead of trees, and which is followed by several papers (see [2], [3], 

m, m)- 

We start with some definitions. 

Definition 7.1. Let fc G N and A = (iV(^\ . . .,N^''^) be a partition of N into k 
infinite disjoint sets, i.e. N^'^ G [N]°° for a\\l<i<k, N^'^DN^^'^ = for aU i ^ j in 
{1, . . . , fc} and N = U*LiiV«. For every L E [N]°° we define the modulo A partition 
of L as the /c-tuple (i(A,i)' ■ • ■ :-^(a,/c))) where i(A,i) = L{N'''^^) for all 1 < i < fc. 
Moreover for every nonempty F G [N]^°° we define the modulo A partition of F 
as the fc-tuple (i^(A,i), • ■ • , i^iA.fc)), where F(a,,) = F({1, . . . , |F|} n iV«) for aU 
1 < i < fc, and for F = 0, 0a,, = 0, for ah 1 < i < fc. 

Finally we define the map ia : N — )■ {1, . . . , fc} such that lAin) = i if n G iV^*\ 
for all n G N. 

Remark 7.2. It is immediate that the following are satisfied: 

(Al) For every L G [N]°° we have that L(A.i) — {L{n) : iAin) — i}, for all 
1 < i < k. Moreover U^^jL(A,i) = L and L(A,i) H Li^aj) = 0, for aU i ^ j. 
(A2) For every F G [N]<°° and every L G [N]°° with F Q L we have that 

F{A,i) = L(^A,i) n C L(^A,i) 

for aU 1 < i < fc. Therefore for every F G [N]<°° and every L, L' G 
with F \— L and F IZ L', we have that 

L{A,i) n F = i'(A,i) n F = ^(A,i) 

for all 1 < j < fc. 

(A3) Let L, L' G and no G N such that for every n ^ no in N, L{n) = 

L'{n). Then 

(a) For every i ^ «A(no) in {1, • . • , fc}, L(aa) = -^(a,0' 

(b) L(no) G i(A,»A(«o)) and L' {no) G i(A,,^(„o))' 
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(c) i(A,»A(«o)) \ {Hno)} = i(A,»A(no)) \ {^'("o)}- 

Definition 7.3. Let (2/t)ie[N]<=° be a family of vectors in a Banach space X. We 



will say that (j/t)tiE[N]<=° is a weakly null tree for every t £ setting Ni 



{n e N : n > t}, we have that {ytu{n})neNt — ^ 0. A weakly null tree (yt)tG 
will be called bounded if the family (a;s)se[N]<°° is bounded, where Xs = '^t^sVt 
for aU s e [N]<°°. 

Notation 7.4. Let N £ and Q a thin family very large in N . For every 

L e [N]°° we set Ig{L) to be the unique initial segment of L in C/. 

Definition 7.5. Let fc e N, A = (iV(^\ . . . , N^''^) be a partition of N into k infinite 
disjoint sets, N S [N]°°, = (C/i, . . . ,Qk) be a fc-tuple of thin families which are 
very large in N and {yt)te[m]<'x> be a bounded weakly null tree in a Banach space 
X. Also let £ > and ((5„)„gN be a sequence of positive reals. 

We wiU say that an infinite subset L of is (e, ((5„)„gN)-good (with respect to 
k, A, A^, © and (2/i)te[N]<~ ) if for every x* € -Bx* there exists y* € Sx* such that, 
setting for 1 < i < fc, = -^Si (^(A,i))i the following are satisfied. 

(a) 

(b) For all t G with Vi \Z t Q L(^^ i), for some i G {1, . . . , fc}, we have 

that \y*{yt)\ < S^. 

The main goal of this section is to prove the next result. 



Theorem 7.6. Let k,A,N,(3 and (j/t)te[N]<°° be as in Definition 17.51 Also let 
£ > and {Sn)nen be a sequence of positive reals. Then there exists M G [N]°° 
such that every L G [AI]°° is (e, (5„)„gN)-good. 

We fix for the sequel fc. A, A^, © and (j/t)ie[N]<°° as in Definition 17. 5| £ > and 
{Sn)neN a sequence of positive reals. Let 

G = {L G [Nr ■■ L is (£, (5„)„eN)-good} 

The proof of the following lemma is easy. 

Lemma 7.7. The set G is closed in [N]°°. 

Lemma 7.8. The set G is dense in [A^]°°, i.e. for each M G [N]°° there exists 
L G G with L G [M]°°. 

Lemma [7.7l Lemma [7.8l and Galvin-Prikry's theorem yield Theorem l7.6l There- 
fore it remains to show Lemma 17.81 

To this end we will need the next definition. 

Definition 7.9. An F G [N]<°° wih be called ©-free if for i = i/^{\F\ + 1) we have 

thatF(A,z) ^Q^\Q^. 

Remark 7.10. Notice that by Def. [LH we have that for every F G [N]<°° and 
every n G N with F < n, setting F' — F U {n}, 

P{A,t^{\F'\)) = PiA^t^i\F\ + l)) U {n} 

Hence if F G [N]<°° is ©-free then F('^,,^(|;.,|)) ^ G^^i\F'\)- 

Let for every s G [N]<°°, x, = J^ttZsVi and K = sup{||a;s|| : s G [N]<°°}. Let 
also (5o > 0. 
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Sublemma 7.11. Let F e [N]<=^ be ©-free and M e [N]°^ with F C M. Also let 

((«t)tE^'(A,«))f=i and i-^ij, in [-2K,2K], where iq = iA{\F\ + 1). For every 

L' S [M]°° we set B*{L') to be the set of all x* E Bx* satisfying the following. 

(i) For all 1 < i < A; and t C F(^A,i), \x*iyt) - a*! < 2^t+3 • 

(ii) For all 1 < i < A; with i ^ io, \x*{J2f^^ ■)CtQv' Vt) " ^ where 

Then there exists L e [M]°° with F C L such that for every L' e [L]°° with F C L' 
and every x* e B*{L') there exists ?/* e B*{L') such that 

I M ^ '^|f'(A,io)l+l 

|y (yF(i,i„)U{Z,'(|F|+l)})| < ^|jr|+i 

Proof. We set A to be the set of all L' in [M]°° with F r L' such that for 
every a;* e B*{L') there exists y* e B*{L') such that 

I M ^ '^|f'(A,io)l + l 

\y (yF(i..o)U{L'(ii=^i+i)})i < 

By property (A2) it is easy to see that the set A is open (actually it is clopen). 
Hence by Galvin-Prikry's theorem there cixists L in [M]°° with F \Z L such that 
either L' e A for all L' e with F \z L' , ov L' ^ A for all L' e with 
F n L'. We will show that the second alternative is impossible. 

Indeed suppose that L' !^ A for all L' e with F \Z L' . Then for each 

i' e with F C L' we have that B*{L') ^ and for every y* € B*{L') 

|y (2/F(i,,„)U{Z,'(|F|+l)})| > 

Let P = L\F = {pi <p2 < ■ ■ ■}. For every n e N and 1 < j < n we set 

L'n,j = F^{Vo}^{Pi-l>n} 

By property (A3) we have that for every n e N and 1 < ji,i2 < n, B*{L'^ -^) = 
B*{L'^j^). Hence for every n € N there exists y* e -Bx» such that 

* * '^l-P'(A « ) 1 + 1 

|yn(yj'(A,io)Ute})l = iyn(2/F(^,i„)U{i,;_^(|F|+i)})l > ^imi 

for all 1 < i < n. Let y* be a w*-limit of (y^)neN- Then 

\y (j/f'(A,io)U{p,})i > 2iJ'i+i 

which is a contradiction since {yp^^ ia)'~'{"'}^'^>^(.&,io) weakly null. □ 

Corollary 7.12. Let F e [N]<°° be (S-free and M e [N]°° with F Q M. Then 
there exists L e [M]°° with F \Z L such that for every L' G [M]°° with F C L' and 
a;* e -Bx* there exists y* G Bx* satisfying the following. 

(i) For alll < I < fc and t E i^(A,i), \x*{yt) - y*{yt)\ < 



(ii) For all 1 < i < fc with i ^ io, 



{x*-y*){ E y*) 



< 



2\F\+2 



where v[ = /e.(i(A,^))- 
(iii) |y*(yF(^,,^,u{L'(|F|+i)})l < "afFi+i 
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Proof. For every 1 <i < k and t C i^(A,i) let At be a Jj.\l.^ -net of [~2K, 2K]. 
For every 1 < i < k with i ^ io let i3i be a 2^^+3-net of [—2K, 2K]. Let 

(((a?)tEF(A,.))i=i' (^i)Li, i#io)«=i 

be an enumeration of the set (11^^=1 (IltizFjA ) ^ (Ili^^i i^io ^i)- We set Lq = M 
and inductively for g = l,...,m, using Sublemma 17.111 for ((0? )t!ZF(A i) a-nd 
i^^ioj we construct a decreasing sequence of infinite subsets (Lg)^i of Lq 
with F □ Lq, for all 1 < q < m. It is easy to check that Lm is the desired set. □ 

Proof of Lemma 17.81 We may suppose that ((5„)^i is a decreasing sequence 
and Sn < e. Let also < (5o < e/2 and M = Mi G [iV]°°. Let J^i be the C- 

minimal initial segment of Mi which is ©-free. Applying Corollary 17.121 we obtain 
M2 e [Mi]°° with Fi □ M2 satisfying the conclusion of CoroUarv [71^ for F = Fi 
and L = M2. In the same way we construct by induction a sequence {Fn)n S N in 
[Mi]<°° and a sequence (M„)„gN in [Afi]°° satisfying the following for every n G N. 

(i) For every n e N, F„ C M„. 

(ii) For every n e N, F„ C F„+i and M„+i e [Af„]°°. 

(iii) For every n S N, the conclusion of Corollary [733 is satisfied for F = F„ 
and L — Aln+i- 

We set L — U^^i^n. We claim that L is (e, ((5„)„gN)-good. Indeed, let x* e 
Bx* and set j/g = x* . For every 1 < z < A: let be the unique element of Qi such 
that Vi C L(j\_iy For every n G N we set 

= nF„ = Win (F„)(A,i) 

and for every 1 < i < k and Vi \Z t \Z L(A.i) we set 

Tit = min {neN:tC L\{\F„\ + 1)} 

Notice that 

t = (^^«J(A.) U {L(|F„J + 1)} 

for all 1 < i < A: and Vi \Z t \Z L(A,i)- Finally let, for every n G N, i„ = «A(|Ln| + 1). 

By the construction of (F„)„gN we may inductively choose a sequence (?/^)neN 
in Bx' such that for every n S N the following are satisfied: 

(i) For aU 1 < z < /c and i C (F„)(a,.), Iv^-iivt) ~ vUvt)] < ^fe- 

(ii) For all 1 < i < fc with i ^ in, 



{V*n-l ~ y*n){.X^, - Xt^) = (y^-l-2/rt)( ^ Vt) 



(-F..)(A,.)l=tE< 
<*'")(A.i„ll + i 



< 



5| 

(iii) lyn(y(F„)(A,i„)U{L(|F„| + l)})l < 2lf>>l + i • 

By (i) and (ii) we have that for every n e N and 1 < i < fc, 

|(y;_i - 2/j;)(a;i,J| < \{yl-i - y*n){xv, - xt^)\ + ^ |(?/;_i - yl){yt)\ 



2|F„|+2 2l^"l+2 2l^"l+i 

tCt" 
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This yields that \{x* — yn){xv,)\ < £, for all rt e N. By (iii) and the definition of 
the natural number nt, we have that for every 1 < i < k and every Vi n t n. L(^^ i-j, 



KM < 



1 + 1 



1*1 



Hence by (i) and (iii) for every 1 < i < k, every Vi \Z t n. L(^^ i^ and n > nt, we 
have that t Q (-F'm)(A.i), for all nt < m < n, and 



\yn{yt)\ < \ynSyt)\ 
6u 



\iy*m-i -y*m)iyt)\ 



< 



'\t\ 



Let y* be a w*-liniit of {yn)neN- Then y* e Bx' and for each 1 < i < k, 



(a) (x* - y*){x^,^] 

(b) For all t e [L] 



< £■ 
with Vi 



\Z t \Z L(A,i), for some i G {1, . . . , A:}, we have 



that \y*{yt)\ < S\t\. 

Since for every x* E Bx-' there exists y* e Bx-' satisfying (a) and (b), we have that 
L is (e, (^„)„gN)-good. □ 

2. Dominated spreading models 

Theorem 7.13. Let J^,G be regular thin families and N e [N]°° such that G \ 
N \Z J- \ N. Let {xs)s£T be a bounded J^-sequence in a Banach space X such that 
the J^-subsequence (xs)s<£J^\n is subordinated (with respect to the weak topology) 
and let ^ : f — > {X, w) be the continuous map witnessing this. Let for every 
u e g \ N, Zy ^ ip{v). Suppose that {xs)s(£J^\n and (zt,)«e6r^ generate (e^)„gN as 
an J^-spreading model and (e^)„gN as a C/-spreading model respectively. Then for 
every fc e N and ai, . . . ,ak G 



. we have that 

A: fc 



i=i 



2 



< 



The proof of the above theorem relies on a series of lemmas which are presented 
below. 

Lemma 7.14. Let fc e N and e > 0. Then there exists M g [N]°° such that for 
every plegma A;-tuple {sj)j^i in f M and ai, . . . , G R, we have that 



k 



where for each 1 < j < k, Vj is the unique element in Q such that Vj C Sj. 

Proof. We define a bounded weakly null tree (yt)te[N]<=° as follows. For each 
i ^ t we set j/f = 0. We also set ?/0 = ^(0) and for each nonempty t E T \ N 
we set yt — (fit) — (p(t*), where t* = t \ {maxi}. It is immediate that (t/t)te[N]<°° is 
a bounded weakly null tree. Let e > and ((5„)„gN be a decreasing null sequence of 
positive reals such that Y.n=i < |. Let fc e N and A'' = {N^k\ ■ ■ ■^Nj;!'^) be the 



partition of N into disjoint infinite sets such that Njf'' = {n e N : n = j(modfc)}, 
for all I < j < k, and N^''^ ~ {n E : n ~ O(modfc)}. Applying Theorem 17.61 
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for k, A'^, N, {G,- - ■ ,G), (j/t)te[N]<~, | and ((5„)„gN, we obtain M' e [iV]°° such that 
every L e [M']°° is (|, (J„)„eN)-good. 

We set M = {M'{k ■ n) : n & N}. It is easy to check that for every plegma 
A:-tuple {sj)^^i in \ M there exists L £ [M']°° such that Sj C L^/^^k j^^ for all 
1 < j < fc- The set M is the desired one. 

Indeed, let ai,...,afc G M and (sj)^^i be a plegma fc-tuple in F \ M. Let 
L e [M']°° such that Sj IZ L^^/^kj^, for all 1 < j < /c. Let also for each 1 < j < k, Vj 
the unique element in G such that Vj \Z Sj. Then for every x* € Bx' there exists 
y* E Bx' such that for every 1 < j < k 

(i) \x* (zy^) - y* {zy^)\ < I and 

(ii) \y*{yt)\ < S\t\, for all t □ vj. 

By (ii) and the choice of the family {yt)te[^<°° it is easy to see that 



for all 1 < j < fc. Therefore we have that 

k k 



(11) 



> 



> 



fc 



Since for every a;* € Bx* there exists y* e -Bx* which satisfies pT|) . we have that 



> 



E"j^-.- "^E 



□ 



Lemma 7.15. For every (e„)„gN decreasing null sequence of positive reals, there 
exists M G [N]°° such that for every fc < Hn N, every plegma fc-tuple {sj)^^^ in 
T \ M with si(l) — M{1) and ai, . . . , afe S R we have that 

k k k 

ll^aja;^^. >||^ajZ„^ -£,^|aj| 
j=i J=i J=i 

where for each 1 < j < k^ Vj is the unique element in G such that Vj \Z Sj. 

Proof. Using Lemma 17.141 we inductively construct a decreasing sequence 
(M/);gN in [N]°° such that for every I G N we have that for every 1 < fc < ^, every 
plegma fc-tuple (sj)^^i in T \ Mi and oi, . . . , afe G K. 



where for each 1 < j < k, Vj is the unique element in G such that Vj \Z Sj. Let 
M € [7V]°° such that M{1) e Mi, for all I e N. It is easy to check that M is the 
desired set. □ 

By the above lemma the proof of Theorem 17. 131 is immediate. 
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3. Plegma block generated cq spreading models 

Theorem 7.16. Let X be a Banach space with a Schauder basis such that SAi^^'^iX) 
contains a sequence equivalent to the usual basis of cq. Let be the minimum 
countable ordinal ^ such that SM^^'^{X) contains a sequence equivalent to the 
usual basis of cq. 

Let be a regular thin family of order S^q, M E [N]°° and {xs)seT a weakly 
relatively compact sequence in X such that {xs)seJ^\M generates cq as an T- 
spreading model. Then for every sequence (<5„)„gn of positive real numbers there 
exist N e [M]°° and an J^-subsequence {zs)s£T\n such that the following are 
satisfied: 

(i) For every s E \ N if mins — N{1), then \\zs — Xs\\ < Si. 

(ii) For every plegma pair (si,S2) in \ N we have that Zg-^ < Zs2, that is 
{zs)seJ^\N is a plegma block subsequence. 

Proof. We may suppose that T is very large in M. By Proposition 14.141 
there exists L E [M]°° such that the J^-subsequence {xs)seJ^\L admits a generic 
assignment {ip, {xs)sf=J^\L, iyt)tfzfi^]^)- Since {xs)sfzjr^j^ generates an J"-spreading 
model which is Schauder basic and not equivalent to the usual basis of by 
Lemma l477l we have that Lp{9) = = = 0. 

Claim: For every S > and L' E [L]°° there exists L" E [L']°° such that for 
every plegma pair (si, S2) in \ L" we have that 



< 5 



where 82/ si = S2 H {1, . . . , maxsi}. 

Proof of the Claim. Let 6 > and L' e [L]°°. Then by Proposition 11.121 
there exists L" E [L']°° such that either 



yt 



for every plegma pair (si, S2) in T \ L" , or 

II E 



< 5 



> S 



for every plegma pair (si, S2) in \ L" . We will show that the second alternative 
is impossible. 

Indeed, suppose that the second case holds. We set Q = T j l" (see Definition 
16. 6p . By Lemma 16.71 we have that o{Q) < o{F) = ^o- We consider the first 

component {{xi^'^^)seJ^\L" , ip^^'^\ ixi^'^^)seJ'\L" , iyi^'^^)te^lL") of the C/-splitting 
of {{xs)seJ^\L",^, {xs)sej^\L"i (yt)(e.?rL")) (see Definition[6]3l). It is easy to see that 
the C/-subsequence {x9''^^)seJ^\L" is seminormalized and weakly relatively compact. 
We pass to Li E [L"]°° such that the Cy-subsequence {xg ' )seJ^\Li generates a G- 
spreading model (e„)„gN- Since (a;i^'^'')sgjrfij is seminormalized and ip — hy 
Theorem 13.321 we have that (e„)„gN is a non trivial unconditional sequence. The 
latter, by Proposition 17. 13l yields that (e„)„gN is equivalent to the usual basis of 
Cq. By Lemma [63] we contradict the assumption of the minimality of ^o- D 
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Using the above claim we inductively construct a decreasing sequence (i„)„gN 
in [L]°° such that for every n e N and every plegma pair (si, S2) in \ Ln we have 
that 



Let Loo € [L]°° such that Loo(ri) G L„, for all n € N. We set N = ioo(2N). Let 
(zs)sgjr|-Af defined as in Lemma [6.121 (with N in place of M). Then by the above 
we have that (zs)si£J^\n is the desired J^-subsequence. □ 

Remark 7.17. It is easy to see that {zs)seJ^\N generates the same J^-spreading 
model as the J^-subsequence {xs)seJ^\M- 

Corollary 7.18. Let X be a Banach space with a Schauder basis. For every ^ < 
we have that if SM^^'^{X) contains a sequence equivalent to the usual basis of cq, 
then X admits co as a plegma block generated ^-order spreading model. 

4. Duality of cq and £^ spreading models 

Definition 7.19. Let X be a Banach space, c > 0, a regular thin family, 
M g [N]°° , (xs)sgjr a normalized J^-sequence in X and (a;*)sgjr a bounded 
sequence in X* . We wiU say that {xs)seJ^\M and {xl)seT\M are £^-associated over 
c if for every k € N, oi, . . . , afc £ R and every plegma fc-tuple {sj)^^^ in f M 
with si(l) > M{k) we have that 

We will say that {xs)sgj^\m and (a;*)sgjrfM are ^^-associated if there exists c > 
such that {xs)s<£T\M and {xI)s£T\m are £^-associated over c. 

Remark 7.20. Suppose that {xs)s£J^\m and {xl)sej^\M are £^-associated. Then if 
(xs)sgjrfAf generates cq as an J^-spreading model, then it is easy to see that every 
J^-spreading model admitted by {xl)seJ^\M is i^- 

Definition 7.21. Let X be a Banach space, T a regular thin family, M e [N]°°, 
{xs)si£j^ a normalized J^-sequence in X and {xl)s<£j^ a bounded J^-sequence in X*. 
The J^-subsequence {xl)sej^\M is called biorthogonal to {xs)sej^\M if for every fc G N 
and every plegma fc-tuple {sj)j^i in \ M with si(l) > M{k) we have that 

x*sjixs,) ^ Sij, for all i,j e {1, . . . ,fc} 

Remark 7.22. It is immediate that if {x'*)s£T\m is biorthogonal to {xs)s^t\m 
then ixs)s^jr^M and (a;*)sgjrfAf are ^-'^-associated over 1. 

Lemma 7.23. Let X be a Banach space with a Schauder basis (e„)„gN, J' a regular 
thin family, M E [N]°° and {xs)seT a normalized plegma block J^-sequence in X. 
Then there exists an J^-subsequence (x*)sgjrfM biorthogonal to {xs)seJ^\M with 
respect to (e*)„gN- 

Proof. By Hahn-Banach theorem, for every s £ J- \ M there exists x* G Bx* 
such that a;*(a;s) = \\xs\\ = 1. For every s £ \ M we set 

=^ \ ^ — * / \ * 

Xg — / ^ ^sl^njCn 
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where iange{xs) ~ {min(supp(a::s)), . . . , max(supp(xs))}. It is easy to check that 
{xl)seJ^\M satisfies the conclusion of the lemma. □ 

Proposition 7.24. Let X be a Banach space with a Schauder basis (e„)„gN- K for 
some ^ < uJi the set SM^'''^{X) contains a sequence equivalent to the usual basis 

of Co, then < (e*)„gN > admits as a plegma block generated ^-order spreading 
model. 

Proof. By Corollary 17.181 there exist a regular thin family T of order M G 
[N]°° and {xs)seJ' an J'-sequence in X such that {xs)seJ^\M plegma block generates 
Co as an J^-spreading model. We may also assume that {xs)seJ^iM is normalized. 
By Lemma 17.231 there exists a bounded J-"-subsequence {x*)seJ^iM biorthogonal to 
{xs)seJ^\M which is plegma block with respect to (e*)„gN- By Remarks 17.221 and 
17.201 we have that {x'*)seT\M admits £^ as an J^-spreading model. □ 

Lemma 7.25. Let X be a Banach space, J- a regular thin family, M e [N]°°, 
ixs)sej' a normalized J^-sequence in X and {xl)s£j- a bounded J^-sequence in X* 
such that {xs)s(EJ^\M and {xI)s(ej^\m are i'^-associated over c, for some c > 0. Let 
{Sn)ni£N a sequence of positive reals and {zs)s<£j^ a normalized J^-sequence in X 
such that \\xs — Zs\\ < (5„, for all n € N and s G T \ M with mins = M{n). If 
Z]r=i < 27?: where K = sup{||x*|| : s G T \ M} then {zs)sej^\M and (x*)sgjrfjvf 
are ^^-associated over c/2. 

Proof. Indeed, for every k G N, ai,...,ak G K and every plegma /c-tuple 
{sj)j^i in J" \ M with si(l) > M{k) we have that 

k k 

> ^ajx*^ (^sign(aj>,^) - ^\aj\ ■ || ^1 11^^=. " 

k 

□ 

Theorem 7.26. Let X be a Banach space. If for some ^ < wi the set SM™'''{X) 
contains a sequence equivalent to the usual basis of Co, then X* admits as a 
^-order spreading model. 

Proof. Let ^o be the minimum countable ordinal f such that SM^^'^^X) 
contains a sequence equivalent to the usual basis of cq. Notice that it suffices to 
prove the theorem for ^ = ^o- Let be a regular thin family of order S^^, M G [N]°° 
and {xs)s£T a weakly relatively compact J^-sequence in X such that {xs)seT\M 
generates cq as an J^-spreading model. Observe that we may also assume that 
{xs)s£r is normalized. Let F be a separable (closed) subspace of X such that 
{xs : s G J-} C Y and T : Y ^ C[0, 1] an isometric (linear) embedding. Let 
(en)nGN bc as Schauder basis of C[0, 1]. Then {T{xs))s£T is a normalized weakly 
relatively compact J^-sequence in C[0, 1]. Let (^„)„gN be a sequence of positive reals 
such that Y^^=i^n < oo. By Theorem 17.161 there exist Li G [AI]°° and (zs)seJ^\Li 
such that the following are satisfied: 
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(i) For every s ^ T \ Li, if mins = Li{l), then \\zs — T{xs)\\ < 

(ii) For every plegma pair (si, S2) in J- \ Li we have that < z^^. 

For every s Cz T \ Li we set — -p^- Then {zs)seJ^\Li is a normahzed J^- 
subsequence such that 

(a) For every s €z T \ Li, if mins = Li{l), then \\zs — r(a;s)|| < Si. 

(b) For every plegma pair (si, S2) in \ Li we have that < Zg^. 

By Lemma [723] there exists an J^-subsequence {zl)seJ^\Li in (C[0, 1])* biorthogonal 
to (zs)sgjrfLi. By Remark [L22] we have that {zs)seJ^\Li and {z*)sej^\Li are 
associated over 1. Let K = sup{||z*|| : s £ \ Li}, no e N such that X^^no 
2^ and L = {Li{n) : n > hq}. By LemmaUI^ {T{xs))seJ^\L and {z*)s^jr^i^ 
are £^-associated over i. This easily yields that {xs)sgj^\l and {T* {zl j)seJ^iL are 
f-'^-associated over i. Notice that (T*(z*))seJ='rL is a bounded J^-subsequence in 
y*. For every s E T \ L, hy Hahn-Banach theorem there exists x'* E X* such 
that I jo;* II = ||T*(z;)|| and a;*|y = T*{z*)\y. Therefore (x*)sg^fL is a bounded 
J^-subsequence in X* and {xs)seJ^\L, (xt)seJ^\L are -^^-associated (over i). Hence 
by Remark 17.201 we have that {x'*)seT\L admits £^ as an J^-spreading model. □ 



CHAPTER 8 



Establishing the hierarchy of spreading models 

In this chapter we deal with the problem of the existence of spaces X admitting 
as ^-order spreading model but not less. We present two examples. The first 
one answers the problem for ^ < w and the second concerns transfinite countable 
ordinals. 



1. Spaces admitting as fc + 1 but not as k order spreading model 

In this section we will present for each fc € N a Banach space X^+i, having an 
unconditional basis (es)sg[p}]fc+i which generates an spreading model of (fc + 1)- 
order and is not (fc + l)-Cesaro summable to any in Xk+i- Moreover the space 
Xfe+i does not contain any fc-order £^ spreading model. In particular the space Xk+i 
shows that the non (fc + l)-Cesaro summability of a [NJ'^+^-sequence does not yield 
any further information concerning spreading models beyond the conclusion of 
Theorem 

1.1. The definition of the space Xfe+i. The space Xk+i will be defined 
as the completion of coo([N]'''+^) under a certain norm. To this end we need the 
following definition. 

Definition 8.1. Let fc e N. A family E C [N]''+^ is said to be allowable if there 
exist _Fi < . . . < Fk+i subsets of N with |Fi | = ... = \Fk+i \ and |Fi | < min Fi such 
that C Fi X . . . X Fk+i- 

For instance, for every plegma ^-tuple (sj)j^;^ in [N]''+^ the set E — {si, . . . , s;} 
is allowable. For x = ^ x{s)es in coo([N]'^"'"^) we set 

sg[N]fc+i 

n 1 

11x11 = sup IIxIeJI^) ' :rieN, (£;.)r=i are disjoint 

and each Ei is allowable | 

where ||x|£;J|i = Y.seE, \^'^^)\- 

The space Xk+i is defined to be the completion of (coo([N]'^+^), || • ||). It is easy 
to check that a norming set for the space Xfc+i is the set Wk+i which is defined as 
follows. We first set 

VFfc^i = I ^ ±e* : £; is allowablej 

seE 
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and then we define 

n 

Wk+1 = { A./. : n e N, C W^_,, 

n 

with pairwise disjoint supports and < l| 

It is immediate that the Hamel basis (es)3g[N]'=+i of coo([N]'^"'"^) consists an uncon- 
ditional basis for the space Xk+i and that it generates isometrically a (/c + l)-order 
£^ spreading model. 

As we have already mentioned we will show the following. 

Theorem 8.2. The space Xk+i does not admit £^ as a spreading model of order 
Z, for all 1 < / < fc. 

The proof of Theorem 18.21 requires the next proposition. 

Proposition 8.3. The space Xfc+i does not admit any plegma disjointly generated 
£^ spreading model of order k. 

The proof of Proposition 18.31 is postponed in the next subsection. Granting 
of this proposition we obtain the reflexivity of the space Xk+i and the proof of 
Theorem 18.21 as follows. 

Corollary 8.4. The space X^+i is reflexive. 

Proof. It is easy to check that the basis (es)sg[N]fc+i is boundedly complete 
which yields that co is not contained in the space X^+i. Moreover if £^ is embedded 
into Xk+i, then there exists a disjointly supported sequence (x„)ngN equivalent to 
the usual basis of £^, which contradicts Proposition [531 Hence, by James' theorem 
(c.f. |16)). the space Xk+i is reflexive. □ 

Proof of Theorem 18.21 By Corollarv l2.16| it is enough to show that Xk+i 
does not admit any £^ spreading model of order k. Indeed, assume on the contrary. 
Let be a sequence in Xfe+i which generates an £^ spreading model (e„)ngN 

of order k. By Corollarv 18.41 the sequence (a;s)sg[N]'! is weakly relatively compact. 
Hence by Theorem 14.151 there exist Me [N]°° and a subsequence {x'g)se[M]'' in 
Xfc+i which generates an £^ spreading model and admits a disjointly generic de- 
composition. This contradicts Proposition 18.31 □ 

We close the section by showing the following. 

Proposition 8.5. Every subsequence of the basis (es)5g[pj]fc+i of Xk+i is not (fc+1)- 
Cesaro sumniable to any xq in Xk+i- 

Proof. Since Xfc+iis reflexive and (es)sg[N]*!+i is a Schauder basis of Xfc+i, by 
part (iii) of Remark l3.2l we get that (es)jg[pj]fc+i is weakly convergent to 0. Therefore 
by Remark [6.201 if for some M G the subsequence (es)sg[M]'=+i was (fc + 1)- 

Cesaro summable to some xo in Xfc+i, then xo = 0- We will show that this is 
impossible. Indeed, let M G [N]°° . For every n S N we set 

se[M\{k+2)n]''+^ 

and for every l<i<fc-|-2we also set 

i^" = {A/((z~l)n-M),...,MM} 
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Moreover let 

En^F^ X...X Ffc"+2 and ipn = X! 

Then ^„ € W',^, and ||y„|| > ^„(y„) = n'^+i • ((\+tO"' ™ wS^' ° 

1.2. Proof of Proposition [8T3l We will need the following terminology. 

(a) Let si,S2 £ [NJ^^^^. We say that si,S2 are allowable if the set {si,S2} is 
allowable. 

(b) Let Gi,G2 be subsets of We say that the pair (Gi,G'2) is weakly 
allowable if for every S2 S G2 there exists si G Gi with si,S2 being 
allowable. 

(c) A finite sequence (Go, . . . , G;) of subsets of [N]'^+^ is said to be a weakly 
allowable path if for every < « < ^ the pair (G;, Gi+i) is weakly allowable. 

We will also need a real function on two variables defined as follows. 
Definition 8.6. Let 

D={{e,5)£ [0, \-\^)^ [0, 1) : (1 - 2ef + (1 - 2e - 5f > 1} 

and /i : D — > R defined by the rule 

h{e,S) = (1 - (1 - 2e - (1 - (1 - 2e - Sf)^f)^ 

Before passing to the proof of Proposition 18.31 let us make some comments 
concerning the function h{e, S). First let us note that the curve 

£ = {{e, 6)eR^ : (1 - 2e)2 + (l - 2e - S)^ = 1} 

is an ellipse, since its image through the linear transformation T : M-^ , defined 

by 



T{e,S) = 



' 2 


■ 




e 


2 


1 




6 



is a circle centered at (1,1) and of radius 1. Moreover notice that (^ — 
is the first intersection point of the curve £ and the e-axis. Also the point (0, 1) 
belongs to £ and the 5-axis is the tangent oi £ at (0,1). Therefore the set D is 
a curved triangle with edges Ji, J2, J3, where Ji (respectively J2) is the segment 
with endpoints (^ — |-\/2, 0) and (0, 0) (respectively (0, 0) and (0, 1)) and J3 is the 
arc of £ which joins the (0,1) with (i - i%/2,0). 

It is easy to see that the function h is well defined on D. Moreover h is 
strictly increasing on D in the following sense: for all {e' , 6'), {e, 6) € D, with 
either < e' < e and < ^' < 5 or < e' < e and < 6' < S, we have that 
h{e',S') < h{e,6). Finally h[D] = [0,1], hr^iX^}) = {(0,0)} and h-\{l}) = J3. 

Under the above we have the following. 

Lemma 8.7. Let {e,6) G D. Let xi,X2 S X^+i with disjoint finite supports 
such that IIX2II < 1 and +X2II > 2 — 2e. Let Gi C supp(xi) such that 

II^^iIgjII < Then there exists G2 C supp(a;2) satisfying the following. 

(a) The pair (Gi,G2) is weakly allowable. 

(b) \\x2\G^J\<h{s,S). 
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Proof. Since ||a;i+ 2:2 || > 2 — 2e, there exists G M^fe+i such that (/^(xi +X2) > 
2 — 2e. Since ||a;2|| < 1, we get that (p{xi) > 1 — 2£ and (p{x2) > 1 — 2e. 

The functional tp is of the form X)r=i -^i/ii where /i, . . . , are pairwise disjoint 
supported elements of Gk+i- We set / = {1, . . . , n} and we split it to Ii and I2 as 
follows: 

h = {iel: supp(/,) n Gi 0} and h = I \ h = {i e I : supp(/,) C GJ} 

We also set (fi = J^ieh -^^/^ ^^"^ V'2 = J^ieh Hence ip{xi) < \\xi\gi\\ - ^ ^^'^ 
therefore ip{xi) > 1 — 2e — 5. Applying Cauchy-Schwartz's inequality we get that 

l-2e-5<^,{x,)^Y. ^ ( E ' ( E /'(^i)') ' ^ ( E ^) ' 

where the last inequality holds since V,v- r /i(£i) ^ j belongs to Wh+i and 

xi < 1- Since X^ie/ < 1, we have that 

Therefore 

M^2) = E < ( E ' ( E ' < (1 - (1 - 2£ - <5)2)^ 

Hence (/?i(x2) > 1 - 2e - (1 - (1 - 2e - (5)2)1. We set 

G2 = supp(a::2) H supp((/7i) 

Then by the definition of Ii it is immediate that the pair (Gi,G2) is weakly al- 
lowable. Finally, since |1x2|g2II^ + l|a^2|G§ll^ < l|a;2|P < 1 and IIX2IG2II > ^{^2) = 
(/?i(x2), we get that 

\\X2W^\ < (1 - (1 - 2e - (1 - (1 - 2e - Sff^f)'^ = h[e, 6) 

□ 

Lemma 8.8. Let m e N. Then for every 5' £ (0, 1) there exists e' > with the 
following property. For every < e < e', every sequence (x^)™ q of disjointly and 
finitely supported vectors in X^+i with ||a;i|| < 1, for all < i < m, if ||a;i + a;i+i|| > 
2 — 2e, for all < i < m, then there exists a weakly allowable path (Gi)™Q such 
that Gi C supp Xi and ||a;i|G£:|| < S' , for all < i < m. 

Proof. Let m — 1 and S' e (0,1). Since /i(0, 0) = 0, by the continuity 
of h there exists e' > such that for all < e: < e', we have that (e, 0) S D 
and h{e,0) < 5'. Let < e < e' and xq,xi with ||a;oll < Ij Ija^ill < 1 and 
ll^o + xill > 2 — 2e. We set Go = supp Xq. Then by Lemma |8.7[ there exists 
Gi C supp xi such that < /i(£,0) < 5' and the result follows. 

Suppose that the lemma holds for some to S N. Let 5' E (0, 1). Since h{0, 0) — 
0, by the continuity of h there exist ei > and < S'l < S' such that for all 
< e < e[, we have that {e,S[) S D and h{e,S'i) < 6'. Let £2 > satisfying the 
inductive assumption for m and S[. Let e' = min{e']^, Sj}- Let < e < e', (a;i)™o^ 
be a sequence of disjointly and finitely supported vectors in Xk+i with ||a;i|| < 1, 
for all < z < TO. Suppose that \\xi + Xi+i\\ > 2 — 2e, for all < « < to. Then 
by the inductive assumption there exists a weakly allowable path (Gi)™^Q such that 
Gi C supp Xi and < S[ < S' , for all < i < to. By Lemma [8.71 there 
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exists Gm+i C suppa;„i+i such that ||a;m+i|G^_|_J| < h{e,5[) < S' and Gm,Gm+i 
are weakly allowable. Hence (G'i)™Q^ is a weakly allowable path and ||a:i|Gf II < S' , 
for all < i < m + 1. By induction the proof of the lemma is complete. □ 

Lemma 8.9. Let {Gi)f^Q be a weakly allowable path in and — niax{max s : 

s e Go}. Then for every < i < fc and s € Gi, s(l) < TV. 

Proof. Using induction on < i < A; we will show that for every s G Gi, 
s{k + I — i) < N, which easily yields the conclusion. By the definition of N, it is 
obvious that for every t £ Go, s{k + 1) < A^. Suppose that for some < i < m 
we have that s{k + 1 — i) < N for all s e G,;. Since the pair {Gi, G^+i) is weakly 
allowable, we have that for every s E G^+i there exists s' G Gi such that the set 
{s', s} is allowable. Therefore s{k + 1 - {i + 1)) < s'{k + < N. □ 

Lemma 8.10. Let / e W^j^-^ and x G Xfc+i of finite support. Then either 

(i) supp(/) n supp(a;) — 0, or 

(ii) |supp(/)| < tiq^'^ , where uq — max{s(l) : s e supp(a::)}. 

Proof. Let / e Then there exists Fi < . . . < Fk+i subsets of N such 

that supp(/) C Fi X . . . X Fk+i and |Fi| < minFi. Hence |supp(/)| < minFi. Let 
X £ Xfe+i be finitely supported such that supp(/) nsupp(x) ^ 0. Let s G supp(/) n 
supp(a;). Then s(l) > minFi and no > s(l), where ng = max{s(l) : s £ supp(x)}. 
Hence no > minFi and therefore |supp(/)| < in!^^^ ■ □ 

We are now ready for the proof of Proposition 18. 31 

Proof of Proposition 18.31 Let 5' — 0.01 and choose Q < e < 5 satisfying 
the conclusion of Lemma [8.81 for 5' = 0,01 and m = k. Assume on the contrary 
that the space Xk+i admits a plegma disjointly generated £^ spreading model of 
order k. By Proposition 16.11 and Remark 16.21 there exists a sequence {xt)ttz[^k in 
the unit ball of Xfc+i which plegma disjointly generates an spreading model of 
lower constant greater that 1 — e. 

We fix for the following the set = {2, 4, . . . , 2fc}. Let t G \\ N with 

to < t. By Proposition 11.171 there exists a plegma path (tj)*^^g in (which 
depends on the choice of t), from to to t of length k. By Lemma there exists a 
weakly allowable path (Gi)f^Q such that Gi C supp Xt^ and ||a;tJ(Gi)<:|| < ^, for all 
z = 0, . . . , fc. We set 

Gt = Gfc, x\ = Xt\Gt and x^ ^ Xt - x] 
Hence for every I G N and every plegma ^-tuple (tj)'^i in with si(l) > 
max{maxso,^ ~ l}j have that 

I 

' " > 1 -e-^ 



(12) II yE-*. 



Let iVo = maxjmaxs : s G Go}. Then by Lemma [8.91 we have that s(l) < Nq for 
every s G supp(xj ) = Gt and < G [nf \\ N with to < t- 

Let d — \ "i ] and /o G N such that ^ < £■ Let I G N and (tjYj^i be a plegma 
Z-tuple in [N]*^ with ti(l) > maxjmaxio, I ~ 1}- We will show that 
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which contradicts ([T2|) and completes the proof. 

Indeed, let e Wfe+i, q e N, Ai, . . . , A, e M with J2l=i A^ < 1 and /i, ...,/, e 
W^^j^ pairwise disjointly supported such that ip — \fp- For every j = 

1, . . . , we set 



= |j3 e {1, . . . , g} : supp(/p) n supp(xt^^ ) 7^ 0} 



We also set 



Fi - {,7 e {1, . . . , ?o} : ( I] A^) ' < e} and F2 = {1, . . . , m} \ Fi 



So we have that 



''U -, 1 f-U ■ 1 . 

j^l p^l j^l j^lp^l 

- ^ E E ^./.«) 4 E ( E ^ ( E 

" jG-Fi pG/j " jeF2 peij 

Since {xt^YjLi are disjointly supported, by Lemma I8.10[ we have that for every 
p=l,...,q, where 

Ap^ {j e {1,...,Iq} : supp(/p) n supp(2;J^ ) =^ 0} 



Hence 



EEAp = EE^^^<"^E- 

j=i pG/j p=ijeAp p=i 
which yields that IF2 1 < d. Therefore ip{^ ^''Lj xj^ ) < e + ^ < 2e. □ 



2. Spaces admitting as ^-order spreading model but not less 

In this section we show that for every countable ordinal ^ there exists a reflexive 
space with an unconditional basis satisfying the following properties: 

(i) The space admits £^ as a ^-order spreading model. 

(ii) For every ordinal ( such that ^ + 2 < ^, the space does not admit 
as a C-order spreading model. 

Therefore, if ^ is a limit countable ordinal, then X^ is the minimum countable 
ordinal ^ such that SM(^{X(^) contains a sequence equivalent to the usual basis of 
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2.1. The definition of the space Xj. Let ^ < wi and be a regular thin 
family of order ^. We define the norm || • || : coq{J^) — >■ M by setting 

= sup I (E ' --deN, (t])^„ {1"^)%, e Plm{F) and 

I i=l 3 = 1 

for every 1 < ii < 12 < d, 

{tj ■■ l<J<^n}n{f : l<3<li,} = %\ 



for all X G coq{F). Wc define = {cqq{T), \\ ■ \\)- It is easy to sec that a norming 
set for this space is the smallest W C coo(-7^)* such that the following arc satisfied: 

(i) For every d gN, every plegma d-tuple {tj)j^i in T and £1, . . . , G {0, 1}, 
the functional / = l)^' e*^ belongs to W and is called of type I. 

(ii) For every d E N, fi,---,fd G of type I with disjoint supports and 
ai, . . . , ad G M with J2j^i Oj < 1, the functional if = J2j=i cijfj belongs 
to W and is called of type II. 

It is immediate by the definition of the space that its natural basis {es)seJ^ is 
unconditional. Our first aim is to prove that the space X^ does not contain any 
isomorphic copy of To this end we need the following notation and lemmas. 

Notation 8.11. Let {xn)neN be a sequence of finite supported vectors in X^. We 
say that {xn)neN is an J^-block sequence if for every n G N, 

maxjmaxf : t G supp(a;„)} < minjminf : t G supp(a;„+i)} 

The following lemma is immediate by the definition of the norm || • || and the 
observation that if {xn)nefi is an ^-block sequence in X^, then for every n, m. G N, 
with n ^ m, there does not exist any plegma pair (si, 52), such that s\ G supp(x'„) 
and S2 G supp(a;TO)- 

Lemma 8.12. Every seminormalized J^- block sequence in is equivalent to the 

usual basis of (."^ . 

For every Z G N wc recall that = {s E F : mins ~ I}. We define Xi = 

< (es)sgjF[i] >" " and Pi : X^ ^ Xi such that for every x G Coo(.F), Pi{x) = 
SseJ^ (x). Since for every I G N there does not exist any plegma pair in J'j;], the 
space Xi is isometric to Hence for every I G N the space Xi is reflexive. 

Proposition 8.13. Every subspace Z of X^ contains a further subspacc W such 
that either there exists Zo G N such that Pjglw is an isomorphic embedding, or W 
is an isomorphic copy of l'^ . 

Proof. Either there exists an Zq G N such that the operator Piq\z ■ Z — > Xi^ 
is not strictly singular or for every / G N the operator Pio\z '■ Z ^ Xi^ is strictly 
singular. In the first case it is immediate that there exists W infinite dimensional 
subspace of Z such that the operator Pjolw is an isomorphic embedding. 

Suppose that the second case occurs. Let (£n)neN be a sequence of positive 
reals such that J2'^=i^n < I- By induction we construct an J^-block sequence 
(w;„)„gN and a sequence {wn)nGN in Sz such that — Wnll < £«, for all n G N. 
Let wi G Sz and wi G coo{J^) such that \\wi — iSi\\ < £i- Suppose that (wi)f^i and 
have been chosen. Let Iq = maxjmaxs : s G supp(ti)„)}. Since, for every 
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I < I < Iq, the operator Pi\z is strictly singular, there exists a subspace W oi Z 
such that < ^^^i for all 1 < Z < Iq. Let Wn+i e Sw and wjj+i = Wn+i — 

YfiLiPi{wn+i)- Pick also u;„+i G coo([N]'') such that supp(w„+i) C supp(w[j_^J 
and — iCn+ill < One can easily check that ||mn+i — < En+i and 

niax{niaxs : s G supp('u;„)} < min{mins : s G supp(z«„+i)}. 

It is immediate that the sequence {wn)neN is 1-unconditional and seminormal- 
ized. By the choice of the sequence {en)n<£N we have that the sequences {'Wn)neN 
and {wn)neN are equivalent. By Lemma 18.121 the sequence (u)„)„gN is equivalent 
to the usual basis of £'^. Hence the subspace < (w„)„gN > consists an isomorphic 
copy of □ 



Corollary 8.14. The space is £^ saturated. 

Since the natural basis (es)sgjr of the space is unconditional, using James' 
theorem ([16]) and the above corollary we get the following. 

Corollary 8.15. The space X^ is reflexive. 

We close this section with the following proposition which will be used in the 
next subsection. 

Proposition 8.16. Let ^ be a regular thin family, M £ [N]°° and {xs)seQ a 

seminormalizcd CJ-sequence in Xg^ satisfying the following: 

(i) The C/-subsequence is plegma disjointly supported. 

(ii) There exists if g N such that max{i(l) : t e supp(a;s)} < K for all 
seg \M. 

Then every t^-spreading model admitted by {xs)seQ\M is equivalent to the usual 
basis of £^ . 

Proof. Let c, C > such that c < < C. Let also L e [M]°° such that 
the CJ-subsequence {xs)s(^g\L generates a C/-spreading model. Let n G N, {sj)^^-^ be 
a plegma rt-tuple hiQ \ L with si (1) > L{n) and ai , . . . , a„ G M. Since (oj • Xs^ 
are disjoint supported, we have that 



It, IL 1 IL 

We will complete the proof by showing that 

n n 1 



a 12 



Indeed, let (p & W. Then there exist d e N, fi, . . . , fd & W of type I and 6i, . . . , &d G 
M, with J2t=i — 1' such that = X]o=i ^9/9 ■ For every 1 < g < c? we set 



Eq = {j e{l,...,n} : supp(/q) H supp(a:s^.) ^ 0} 
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It is easy to check that for every 1 < g < d we have that \Eq\ < K. 

n d n d 

j=l 9=1 J=l 9=1 JSE, 

n d I n I 

< Kh . |a,f ' ^ • ^(E ' 

J = l 9=1 J = l 

□ 

2.2. spreading models of X^. In this subsection we study the spreading 
models of the space X^. It is a direct consequence of the definition of the norm 
of the space that the natural basis (es)sgjr generates the usual basis of as an 
J^-spreading model. The main aim of this subsection is to show that does not 
admit as ^-order spreading model for any C, < oJi such that C + 2 < The proof 
of this result goes as follows. Let Q he a. regular thin family with o{Q) < ^ and 
(xs)seg a bounded C/-scquence of finitely supported elements of X^. We consider the 
next two cases. In the first one we assume that for every s € G and t e supp(xs), 
\s\ < \t\. Then under the additional assumption that {xs)seg is plegma disjointly 
supported, we show that {xs)seg does not admit £^ as a tj-spreading model. The 
second case is the complemented one. Namely we assume that for every s d G 
and t e supp(a;s), \t\ < \s\ and again we show that (xs)seg does not admit £^ as a 
C/-spreading model. The final result follows from the above two cases. 

Let us point out that a similar method was used in the proof of Theorem II. 231 
To some extent Theorem 11.231 can be viewed as the set theoretical analogue of the 
present result. 

2.2.1. Case I. The following lemma is similar to Lemma ISTfl For the sequel let 
/i : Z? — > M be the function defined in Definition 18.61 

Lemma 8.17. Let {s,S) E D, with e > 0. Let also Xi,X2 G Bx^ with disjoint 
finite supports satisfying the following: 

(a) \\xi + X2\\ > 2 — 2e and 

(b) For every ti G supp(a::i) and t2 G supp(a;2) the pair {t2,ti) is not plegma. 

Then for every Gi C supp(a::i) such that ||a;i|Gj|| < 6 there exists G2 C supp(a;2) 
such that 

(i) \\^2\g^J\<Hs,5). 

(ii) For every t2 G G2 there exists ti G Gi such that the pair is plegma. 

Proof. Let ip e W such that </?(xi + X2) > 2 ~2e. Then there exist d G N, 
fi, ■ ■ ■ , fd &W oi type I with disjoint supports and ai, . . . , G M with ^9 — 

1 such that p = X]g=i ^9/9- It is immediate that ip{xi),ip{x2) > 1 — 2e. Let 
Ai ^ {q £ {\,...,d} : supp(/q)nGi 7^ 0} and A2 = {I, . . . ,d} \ Ai. We define 
= EgeAi °'qfq (^2 = <^ - HqeA^ Let G2 = supp(a::2) n supp(v3i). 

It is easy to see that (ii) is satisfied and lp{x2\g2) — Vi{^2\g2) — 'fii{x2)- Notice 
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that 

l-2e-6 < (p{xi\gi) = 'Pi{xi\gi) = ^ aqfq{xi\Gi) 

qeAi 

^ {T. <y {T. f^i^^io.ry < {T. -lY 

Since — 1' S^* that 

J2 al<l-{l-2e-Sr 
96A2 

Hence 

<3eA2 geA2 geA2 

Thus 

||a;2|G2ll > v(a;2|G2) = V>i{x2) = '/3(x2) - ^32(2:2) > 1 - (1 - (1 - 2e - 6f)i 
By the definition of the space we have that \\x2\\^ > \\x2\g2\\^ + \\^2\g^\\'^ ■ Hence 

|k2|G§ll < (1 - (1 - 2£ - (1 - (1 - 2£ - <5)2)^)2)^ = 5). □ 

The proof of the foUowing lemma is similar to the one of the previous lemma. 

Lemma 8.18. Let e, 5, xi,X2 be as in Lemma [8. 171 Then for every G2 ^ supp(a;2) 
such that ||a;2|G'=|| l£ ^ there exists Gi C supp(a;i) such that 

(i) \\x^\g^}<Hs,S). 

(ii) For every ti e Gi there exists ^2 G G2 such that the pair (ii, ^2) is plegma. 

Under the above lemmas we have the following. 

Proposition 8.19. Let Q regular thin family, AI G [N]°° and {xs)s^g a t^-sequence 
in Bx^ satisfying the following 

(i) The ^^-subsequence {xs)seg\M is plegma disjointly supported. 

(ii) For every plegma pair (si,S2) in G \ M, every ti £ supp(xsj) and t2 G 
supp(a;s2) the pair (^2,^1) is not plegma. 

(iii) For every s Cz G ] M and every t G supp(xs) we have that \t\ > |s|. 
Then the t^-subsequence {xs)seg\M does not admit the usual basis of £^ as a G- 
spreading model. 

Proof. Assume on the contrary that the C/-subsequence {xs)seQ\M admits the 
usual basis of £^ as ^/-spreading model. We inductively choose sequences (<5n)^o 
and (£„)„gN as follows. Let = and pick < ei < \ — \^/2. Then (ei, ^0) G ^\^3 
and therefore < /i(ei,5o) < 1- We set 5i — h{ei,So). Suppose that ei, . . . ,e„ and 
do, . . . ,dn have been chosen such that for every 1 < k < n 

l> Sk = h{ek,Sk-i) > 

Then pick sufficiently small Sn+i > such that {Sn+i, Sn) G D \ J3. Then we get 
1 > /i(e„+i, 5„) > and we set 

Sn+l = h{en+l,5n) 

It is clear that for every rt G N wc have that < (5„ < 1. 

Let L G [M]°° such that the ty-subscquencc {xs)seg\L generates the usual basis 
of £^ as C/-spreading model with respect to (£„)„gN- We assume passing to an 
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infinite subset of L, that G is very large in L. Let sq ^ G such that sq C L{2N). 
We set 

K = max { maxt : t £ supp(a;s(,)} 
Claim: Let Li — {m e L{2N) : m > maxso}. For every s £ G \ Li there 
exists Gs C supp(a;s) such that HxsIgjII < ^|so| ^^'^ * ^ ^s, < K . 

Proof of Claim. Let s e G \ Li. Then s e G \ L{2N) satisfying maxso < 
niins and therefore by Proposition II . 1 7l there exists plegma path (sj)jt!^o ^ ft 
from So to s. Since the tj-subsequence {xs)seQ\L generates the usual basis of as 
fj-spreading model with respect to (£„)„gN, we have that for every 1 < j < \so\, 

\\xs, +2:^,-1 II > 2-2£j 

We set Go — supp{xsg). Using Lemma 18.171 inductivelv for j — l,...,|so|, we 
obtain Gi, . . . , G|sq| satisfying the following: 

(i) Gj C supp(a;s^ ) 

(ii) lks,|G||| < 5j and 

(iii) for every t e Gj there exists t' E Gj_i such that the pair {t',t) is plegma. 

Hence for every t e G|sp| there exists plegma path (tj)|jt!?o '^^ length |so| such that 
t\sa\ — t and tj G Gj for all < j < |so|. Since J- is regular thin we have that 
l^jl > 1^0 1 1 for all 1 < j < \so\. Hence by assumption (iii), we have that \tj\ > \so\ 
for all < j < I So I . Therefore 

til) = < i|so|-i(2) < . . . < + !)<...< toi\so\ + 1)<K 

and the proof of the claim is complete. □ 

For every s £ G I" ii we set xl = Xs\gs ^^'^ ^1 — Xg — x].. We choose L2 e [Li\°° 
such that {xl)s(zg\L2 and {x'l)s(^g\L2 generate {e\)nm and (e^)„gN respectively as 
t?-spreading models. Then (e^)„gp} is either trivial or by Lemma 18.161 and the 
above claim is equivalent to the usual basis of P . Hence by Corollarv l4.2l (e^J„gN 
is the usual basis of and thus ||ef || = 1. The latter consists a contradiction since 
Ik^ll = ||2:s|g;|| < <^|sol < 1. for all s G 5 r L2. □ 

2.2.2. Case II. 

Lemma 8.20. Let U regular thin family with o{n) < o{F) and M e [N]°°. Then 
there is no map ^ : H \ M ^ ^(-^) satisfying for every v £ H \ M the following: 

(i) Hv) ^ 0. 

(ii) |i| < |u|, for all t G $(w). 

(iii) v{i) < t{i), for all t e $(«) and 1 < i < \t\. 

Proof. Suppose on the contrary that there exists a map ^ : H \ M ^ T-'i^) 
satisfying (i)-(iii). By Proposition 11.61 there exists L € [M]°° such that % \ L ^ 
J" [■ L. Let t; e "H f L and u e F \ L such that v \Zu. Let t € ^{v). Then |t| < |u| 
and u{i) = v{i) < t{i), for all 1 < i < |t|. The latter contradicts that u E □ 

Proposition 8.21. Let be a regular thin family with o{G) < ^, M e [N]°° and 
{xs)seQ a CJ-sequence in satisfying the following: 

(i) For every s € G \ M the vector Xs is of finite support. 

(ii) For every plegma pair (si,S2) and every ti G supp(a::si), t2 G supp(xs2) 
the pair (^2,^1) is not plegma. 

(iii) For every s E G \ ^I and t E supp(a;s), we have that |t| < |s|. 
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(iv) For every s E Q \ M and t E snpp{xs), if mins = M{k) then ^(1) > k. 

Then the Cy-subsequence {xs)seg\M does not admit the usual basis of £^ as a Q- 
spreading model. 

Proof. Suppose on the contrary that the ^-subsequence {xs)sgg\m admits 
the usual basis of £^ as a C/-spreading model. Let 60 = 0, 01. Since the function h is 
continuous at (0, 0) and h{0, 0) = we can inductively construct strictly decreasing 
null sequences of reals (en)ngN and {Sn)neN such that Si < Sq and (5„) < Sn-i, 
for aU n G N. 

We pass to some L S such that Q is very large in L and the ^/-subsequence 

{xs)seg\L generates the usual basis of £^ as a ^-spreading model with respect to 
(e„)„gN- By property (iv) we have that for every s G Q \ L and t G supp(xs), if 
mins = L{k) then t{l) > k. We set 

n = {vE [N]<°° : L{v) £ g} 

and for every v £ Hwe set = Xi^^yy It is immediate that the "H-sequence 
generates the usual basis of £^ as an 'H-spreading model with respect to (e„)„gN 
and for every v £ H we have that u(l) < t{l), for all t £ supp(zt,). Notice also that 
o{H) = oiG) < e = o(J-). 

For every v £ H \ 2N, we select a plegma path (fjO^^i in H such that vi = v 

and 

{n ~ 1 : n £ Vj^i \ {minwj_i}} C Vj 

for all 1 < j < \v\. Hence Vj{l) — v{j) — {j — 1), for all I < j < \v\. Notice also that 
for every 1 < j < \v\ we have that ||a;^^. +Xv._-^ \\ > 2 — 2ej. We set G\y\ = supp(zt,|^,| ) 
and using for j — \v\, . . . , 2, Lemma [8.181 we may get G|„|_i, . . . , Gi satisfying the 
following; 

(a) Gj C supp(xi,^), for all 1 < j < \v\. 

(b) \\x,^\g^\\ < 6,-1, for ah 1 < j < \v\. 

(c) For every t £ Gj there exists t' £ Gj+i such that the pair {t, t') is plegma. 

Hence for every ti £ Gi there exists a plegma path {tj)^j}^^ such that tj £ Gj, for 
all 1 < j < \v\. Thus for every ti £ Gi we have that for every 1 < j < < \v\, 
hU) > tj{l) + (j - 1) > vj{l) + (j - 1) = viU) = vU). We set G, = Gi, which by 
(b) is nonempty. Hence there exists a map $ : "H f 2N ^{J-) satisfying for every 
V eV. t M the following: 

(i) ^ 0. 

(ii) \t\ < \v\, for ah t £ 

(iii) v{i) < t{i), for ah t £ <I>(w) and 1 < i < \t\. 

This contradicts Lemma [8.201 □ 

2.2.3. The main result. 

Theorem 8.22. For every C < cji, with ( + 2 < the space does not admit £^ 
as a C-order spreading model. 

Proof. Assume on the contrary that for some ( < uji and C + 2 < ^, the space 
admits £^ as a ^-order spreading model. We choose : ^ N to be an onto 
and 1-1 map such that for every si, S2 £ if maxsi < maxs2, then 0(si) < 0(s2). 
For every n e N we set e„ = e^-i(„). It is easy to check that the space X^ satisfies 
the property V given in Definition 16.131 Since X^^ is reflexive, by Corollary 16.171 
the space X^ admits £^ as a plegma block generated spreading model of order C,. 
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By Corollary 15 . 1 71 there exist a regular thin family Qi of order C + I, Mi e [M]°" 
and a C/i-sequence {xs)seQi such that {xs)seQi\Ah plegma block generates the 

usual basis of £^ as a f/i-spreading model. We may also assume that {xs)segi\Mi 
is normalized. For every s £ Gi \ Mi we define G] = {t £ supp(xs) : \t\ < \s\}, 
= {i e supp(a;3) : \t\ > |s|}, = Xs\qi and = XsIg^- 

First we will show that {xDseg-^ \Mi does not admit £^ as a t?i-spreading model. 
Indeed, assume on the contrary. Then there is M2 € [Mi]°° such that {xDseGilAh 
plegma block generates £^ as a C/i-spreading model. By Corollary 15 . 1 71 there exist 
M3 g [M2]°° and a C/2-sequence {zy)y^g^, where Q2 = [N]^ ® Gi, which satisfy the 
following; 

(i) The CJ2-subsequence {zv)veg2\M3 plegma block generates the usual basis 
of £^ as a C/-spreading model. 

(ii) For eyery v € G2 \ M3 there exist m e N and si, . . . , Sm G Gi satisfying 
the following: 

(a) Zy G< xl^ , • • • , a^sm > 

(b) \sj\ < \v\, for ah I < j < m. 

We may also assume that the 52-subsequence (2^)t,Ge2 tAfs is normalized. For eyery 
fc e N and v £ G2 \ M3, we define = {t £ supp(z„) : mint < k}, z^'^ = Zy\pk 
and z1'^ = Zy — z},'^ . By Proposition 18.161 for eyery fc e N the t?2-subsequence 
{zl'^)v(zg^\M3 does not admit £^ as a t?2-spreading model. Using CoroUary 14.21 we 
inductiyely construct a decreasing sequence (M^)fegN of infinite subsets of M3 such 
that {Zy'^)v^g2\M' plegma block generates the usual basis of £^ and \\zl'^\\ < ^, for 
aU V £G2 \ M'^. We pick M4 e [Mg]"" such that Mi{k) e M^, for aU k&N. For 
eyery v £ G2 \ M4, we define Wv — z^''^" , where fci, S N satisfying minw = 7\f4(fc.„). 
Since \\wv — Zv\\ < for aU v £ G2 \ M4, it is easy to check that the G2- 
subsequcnce {wy)y(zg2iM4 generates the usual basis of as a C/2-spreading model, 
which contradicts Proposition 18.211 

Since the t/i-subsequence ixl)segi\Mi does not admit £^ as a fJi-spreading 
model, by CoroUary 14.21 we get that the 5i-subsequence {xl)segi\Mi admits the 
usual basis of £^ as a 5i-spreading model, which contradicts Proposition 18. 191 □ 



CHAPTER 9 



Strong /c-order and /c-order spreading models 

In this chapter we construct two spaces, a non reflexive and a reflexive one, 
which show that for A; > 1, the strong fc-order spreading models are a distinct 
subclass of the fc-order ones. We first present and study a general class of norms. 
The desired examples are special cases of that class. 

1. The general construction 

Let k e N, with fc > 1. For every ^ e N let C; = {s e [N]'' : mins = 1} and 
Pi ■■ coo([N]'=) ^ coo(Q) defined by Pi{x) = E,ec, a;(s)e., for all x G coo([N]'=). Let 
(II • ||/)ieN be a sequence of norms defined on coo(N) such that for every I e N the 
following are satisfied: 

(i) The basis (e„)„gN is 1-unconditional under the norm || • ||;. 

(ii) For every n € N, ||e„||( = 1. 

By the unconditionality property, for every / e N, we consider the norm || • ||; be also 
defined on Coo(C;). Fix 1 < q < p < oo. We define the norm || • \\q^p : coo([N]*') R 
such that 

d mi p j_ 

||a;||,,p = sup{(5](5]|x(s})r)')' : d G N,mi G N, {s])]"^, is plegma 

i=l 3=1 

in [Nf for all l<i<d and {sj' ^ {^^(l)}'^'^ = 0, 

for all 1 < ii < 12 < rf| 
Let II • 11(1) : coodN]*^) K be the norm defined by 

oo i_ 

ikii(i) = (Eii^'(^)iir)' 
1=1 

for all X € coo([N]'^). Wc also set || • ||(2) = || • \\q,p. Finally we define the norm 
II • II : Coo([N]'=) R by setting 

||.t|| = max{||a;||(i), ||x||(2)} 

for all X e Coo([N]'^) and we define X = (coo([N]''), || • ||). It is immediate that the 
sequence (es)sg[N]fc forms an 1-unconditional basis for the space X. Notice also 

that for every I € N and x E coo(Ci) we have that |lx|| = |la;||(. Hence the subspacc 
coo(Ci) of X is isometric to (coo(N), || • ||(), for all I G N. For every / G N we define 
Xi = {coo{Ci),\\-\\). 

Notation 9.1. Let be a sequence in coo([N]'^). We will say that {xn)neti is 

[N]*-block if for every rii < n2 in N and for every si G supp(a;i) and S2 G supp(a;2) 
we have that maxs2 < mins2- 
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Remark 9.2. It is easy to see that if (x„)„gN is a [N]'^-block sequence in X, then 



E 



aixi 



(0 



1=1 " ' 1=1 
for all r e N, ai, . . . , G M and i G {1,2}. 

Lemma 9.3. Every seniinormalized [Nj'^-block sequence in X is equivalent to the 
usual basis of i^. 

Proof. Let (a;„)„gN be a seminormalized [Nj'^-block sequence in X and c,C > 
such that c < ||x„|| < C, for all n S N. Let r G K and ai, . . . , G M. Then by 
Remark 19.21 for every i G {1, 2} we have that 



E 



aixi 



E 



ai\ 



Xl\ 



(i) 



< 



(Ei«n^ 



\xi\ 



1=1 



Hence 



1=1 



1=1 



Let El = {I e {!,..., r} : > ||a;;||(2)} and E2 = {1, 

io G {1,2} such that 



< 



1=1 



. ,r}\ El. Let also 



Then by Remark 



y^^aixi 

1=1 



E hr)'>;^(Ehr 



we have that 



1=1 



> 



y^^aixi 

1=1 



(io) 



(Ei«'r 



1=1 



> 



( E H^- iNiy = ( E 



>c( 5] |a,| 



□ 



The following corollary follows by a sliding hump argument and Lemma 

Corollary 9.4. Let (a;„)„gN be a seminormalized sequence in X such that Pi(xn) —>■ 
0, for all I G N. Then (a;„)„gN contains a subsequence equivalent to the usual basis 

Proposition 9.5. Every subspace Z oi X contains a further subspace W such that 
either there exists Iq such that -PiqIw is an isomorphic embedding, or W is an 
isomorphic copy of P' . 

Proof. Either there exists an G N such that the operator P/q|z : Z Xi^ 
is not strictly singular or for every I G N the operator Pig\z ■ Z — > Xi,, is strictly 
singular. In the first case it is immediate that there exists W infinite dimensional 
subspace of Z such that the operator P/o|vy is an isomorphic embedding. 

Suppose that the second case occurs. Let (e„)„gN be a sequence of positive 
reals such that X^^^i < I- By induction we construct an [N]'^-block sequence 
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(w„)„gN and a sequence (wn)neN in Sz such that \\wn — Wn\\ < £n, for all n e N. 
Let wi e Sz and wi G coo([N]'') such that \\wi — wi|| < £i. Suppose that (wi)f^i 
and {wi)f^i have been chosen. Let Iq = niax{niaxs : s G supp(u)„)}. Since, for 
every 1 < I < Iq, the operator Pi\z is strictly singular, there exists a subspace W of 
Z such that < ^fj^T"' fo'" all 1 < / < Iq. Let it;„+i € S'vf and tu^+i = Wn+i — 

E/li ^K^«n+i)- Pick also Wn+i e coo([N]'') such that supp(w„+i) C supp(w^_,_i) 
and — iCn+ill < One can easily check that — Wri+i|| < £«+! and 

niax{niaxs : s G supp(u;„)} < min{niins : s e supp({«„+i)}. 

It is immediate that the sequence {wn)neN is 1-unconditional and seminormal- 
ized. By the choice of the sequence (en)ngN we have that the sequences {wn)neti 
and (u'rt)nGN are equivalent. By Lemma [9.31 the sequence (w„)„gN is equivalent to 
the usual basis of Hence the subspace < {wn)neN > consists an isomorphic copy 



Corollary 9.6. The following are satisfied: 

(i) The space X contains an isomorphic copy of (resp. cq), for every 
r 7^ p, if and only if there exists I G N such that the space Xi contains an 
isomorphic copy of £^ (resp. cq). 

(ii) The space X is reflexive if and only if, for each I e N, the space Xi is 
reflexive. 

Proof, (i) Let r G [1, oo), with r ^ p. Suppose that X contains an isomorphic 
copy Z oi . Then by Proposition 19.51 we conclude that there exists subspace W 
of Z such that either W is an isomorphic copy of i"^ or for some I E N, Pi\w is 
an isomorphic embedding of W into Xi. Since is a subspace of Z, it contains a 
further subspace W' isomorphic to £^ . Therefore the first alternative is impossible 
and we get that there exists an Z G N such that Xi contains an isomorphic copy 
of Conversely, since for every I G N, Xi is a subspace of X, if Xi contains an 
isomorphic copy of then so does X . The arguments concerning cq are identical. 

(ii) If X is refiexive then the same holds for every subspace oi X. In particular 
Xi is reflexive for all I G N. Conversely suppose that Xi is refiexive for every I G N. 
By (i) we have that X does not contain any isomorphic copy od £^ or cq. Since X 
has an unconditional basis, by James' theorem (c.f. |16j ). we conclude that X is 
reflexive. □ 



Lemma 9.7. Assume that the space X does not contain any isomorphic copy of 
Cq. Let (x„)„gN be a seminormalized Schauder basic sequence in X such that for 
every I G N the sequence (P/(a:„))„gN is norm convergent. Then for every I G N 
the sequence (P;(x„))„gN is a null sequence and {xn)nefi contains a subsequence 
equivalent to the usual basis of i^. 

Proof. For every / G N, let yi G Xi be the norm limit of {Pi{xn))nen- By 
CoroUarv 19.41 it suffices to show that yi = for all / G N. Since (es)sg[N]'= is uncon- 
ditional and X does not contain any isomorphic copy of cq we get that (es)^g[isj]fc is 
boundedly complete. 

For every Zq G N, we have 

1=1 1=1 
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Hence (|| J2i=i yi\\)k)=i is a bounded sequence and therefore there exists y X such 

that Yl\°=i yi ''"-^^^ y. Hence for each I e N, Pi.{y) — yi and so we need to show that 
y = Q. 

Suppose on the contrary that y and let z„ = x„ — j/ for all n e N. Since 
{xn)n<£N is Schauder basic, we have that {zn)n<£N is not a null sequence. Notice 
that for every ^ e N, we have that Pi{zn) "^i^ 0. By Corollary 19.41 we can pass 
to a subsequence {zk„)nefi such that (zfe„)„gN is equivalent to the usual basis of 
i^. In particular we have that the sequence (zfc„)ngN is Cesaro summable to zero. 
Therefore there exists uq > such that 

2no 



-I no 

-E 



- t 

no 



< 



n—l n— no + 1 

where C is the basis constant of (x„)„. This yields that 

no no -, 2no 



m 

3C 



2^11 



< 



1 

-E 



n=l 

which is a contradiction. 



< C 



— E — E 

n— 1 



Xk„ 



n— no+1 



< 



2||yll 



□ 



Proposition 9.8. The space X admits i"^ as a spreading model of order k. In 
particular, the natural basis (es)3gjji}]fe of X generates as an [N] '^-spreading model. 

Proof. Let n e N, oi, . . . , a„ e M and (sj)"^i be a plegma n-tuple in [N]*-' 
with Si(l) > n. It is immediate that 



E 



Let Fi, 



, -Fd disjoint subsets of {1, . . . , n}. Since 1 < g < p, we have that 

d p I d 



(E(EK- 

the above imply that 



< 



(Ed: 



(EK 



IE' 

i=i 



E' 



(2) 



n 

(EKI^ 



□ 



2. The nonreflexive case 

The main result of this section is the following. 

Theorem 9.9. For every 1 < q < p < oo and fc > 1, there exists a Banach space 
Xi p ^ with an unconditional basis such that every seminormalized Schauder basic 
sequence (x„)„gN in ^i,p,q contains a subsequence which is equivalent either to the 
usual basis of £^ or to the usual basis of P. Moreover the space X^ ^ ^ admits as 
a spreading model of order k. 

Proof. For 1 < g < p, let Xi^q^p be the space resulting from the construction 
of the previous section by setting for every Z G N, || • ||; = || • ||^i. Let (a;„)„gN be a 
seminormalized Schauder basic sequence in X. Then one of the following holds: 
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(i) There exist Zq G N and Mq e [N]°° such that the sequence {Pig{xn))n£Mo 
does not contain any norm convergent subsequence. 

(ii) For every / e N and M g , the sequence {Pi{xn))neM contains a 
norm convergent subsequence. 

Suppose that (i) holds. Then {Pig{xn))neMo is a seminormahzed sequence in 
with no norm Cauchy subsequence. By the weh known Rosenthal's theorem 
and the Schur property of i^, we conclude that there exists L € [Mo]°° such that 
iPio{Xn))nGL IS equivalent to the usual basis of Since the basis (es)5g[N]fc is 
unconditional, we get that the sequence (x„)„gi is also equivalent to the usual 
basis of . 

Suppose that (ii) holds. Then we may pass to an M e [N]°° such that the 
sequence {Pi{xn))neM converges. By Corollary 19.61 we have that X^ ^ g does not 
contain any isomorphic copy of cq and by Lemma |9.7[ we have that there exists a 
further subsequence of {xn)n<£M equivalent to the usual basis of £p. 

Finally, by Proposition 19 . 81 we have that the basis (es)sg[pf]fo of the space ^ 
generates £'^ as a k- order spreading model. □ 

Corollary 9.10. The space X^^^ does not admit £'' as a strong spreading model 
of any order. Precisely, every strong spreading model of any order admitted by 
Xi g p is equivalent either to the usual basis of £^ or to the usual basis of £p. 

Proof. Since for every r G [1, oo) every strong spreading model (of order one) 
of £^ or £P is equivalent to the usual basis of £^ or £p, it suffices to show that every 
strong spreading model of order one admitted by X is either £^ or £p. 

Indeed, let (x„)„gN be a seminormahzed Schauder basic sequence in X which 
generates a spreading model (e„)„gN. By Theorem 19.111 we have that (x„)„gN 
contains a subsequence {xk„)nen equivalent either to the usual basis of £^ or to the 
usual basis of £p. Since (a:fe„)„gN also generates (e„) 

n(EN; w6 have that (cn)n(^N is 
equivalent either to the usual basis oi £^ or to the usual basis oi £p. □ 

3. The reflexive case 

The main result of this section is the following. 

Theorem 9.11. For every 1 < q < p < oo and k > 1, there exists a reflexive space 
X!^ p q with an unconditional basis such that every seminormahzed Schauder basic 
sequence (a;„)„gN in -^Tp g contains a subsequence which is either is equivalent to 
the usual basis of £p or generates a spreading model (of order one) equivalent to 
the usual basis of £^. Moreover the space X^ ^^^ admits £'^ as a spreading model of 
order k. 

Proof. For 1 < q < p, let X^^^ be the space resulting from the general 
construction by setting for every ZeN, ||-||/ = ||-||t, where || • ||t denotes the norm 
defined on Tsirelson's space. Since Tsirelson's space is reflexive, by CoroUarv 19.61 
we get that X^^^ is reflexive. Let (x„)„gN be a seminormahzed Schauder basic 
sequence in Xl^^^p. Since Xl^.^^ is reflexive and {xn)n&i is Schauder basic, we 
get that (x„)„gN is weakly null. By the standard sliding hump argument and by 
passing to a subsequence of (a;„)„gN, we may suppose that the sequence {Xn)neN is 
flnitely disjointly supported. Observe that one of the following holds: 

(i) For every I € N, P,(a;„) 0. 
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(ii) There exist Iq eN,e >0 and Mq e [N]°° such that \\Pi„{xn)\\ > 9 for ah 
n e Mq. 

Suppose that (i) holds. By Corollary I9.6[ we have that ^ ^ does not contain 
any isomorphic copy of cg and by Lemma I9.7i we have that there exists a further 
subsequence of {xn)neMa equivalent to the usual basis of f''. 

Suppose that (ii) holds. Then the sequence iPiaixn))n£Mo actually forms a 
seminormalized block sequence in Tsirelson's space. Since every spreading model 
generated by a seminormalized Schauder basic sequence in Tsirelson's space is 
equivalent to the usual basis of i^, there exist L € [Mo]°° such that the sequence 
(Pio{xn))n^L generate as spreading model. Since the basis (es)5g[N]fc is uncondi- 
tional, we easily get that the subsequence {xn)neL also generates ^^ as spreading 
model. 

Moreover, by Proposition 19.81 we have that the basis (es)s(=[N]fc of the space 
■^T p q generates as a k- order spreading model. □ 

The proof of the following corollary is similar to the one of Corollary 19.101 

Corollary 9.12. The space X^^^ does not admit i"^ as a strong spreading model 
of any order. Precisely, every strong spreading model of any order admitted by 
q p IS equivalent either to the usual basis of £^ or to the usual basis of £p. 



CHAPTER 10 



Spreading models do not occur everywhere as 
plegma block generated 

In this chapter we construct a reflexive space X with an unconditional basis 
such that X admits £^ as a spreading model (of order w) but not as a block generated 
spreading model (of any order) . The space X does not satisfy the property V (see 
Definition I6.13[) and therefore the condition concerning this property in Theorem 
16.151 is necessary. 

1. The construction and the refiexivity of the space X 

We recall that the Schreier family S = {s E [N]^°° : \s\ = mins} is a regular 
thin family of order uj. Let 

n = {(ij)jti : fc e N, (t,)jti G PlnikiS) and k ~ 1 < \h\ ^ . . . ^ \tk\} 

Notice that for every t g 5, we have that (t) e H. Moreover for every (tj)^=i € "H, 
we have that the elements of the set {tj : j — . . . ,k} are pairwise C-incomparable. 
Let d e N and for every 1 < g < d, let fc^ e N and (i])jli e "H. We will say that 

{t'j)]ti are incomparable if the elements of the set ^q=i{t] : I < j < kg} 
are pairwise C-incomparable. 

We define the following norm on coo(5): 

11-11 =-p((E(Ew^pi)')H 

where the supremum is taken over all G N and incomparable (ij)^;Li) ■ • • i (^^)j=i 

in v.. We set X — coo{S, \\ ■ ||). It is immediate that the natural basis {et)^^§ is 
1-unconditional. 

We may enumerate the basis of X as (e„)„gN as follows. Let : 5 — > N be an 
1-1 and onto map such that 0(0) = 1 and for every ti,t2 € S with maxfi < maxt2, 
0(ii) < 0(^2)- We set e„ — e0-i(„), for all n e N. It is easy to see that the space 
X does not have the property V (see Definition I6.13P . Indeed for every /c G N let 
tj = {i:k<i<k + j}, for ah 1 < j < k. Then \\et- \\ = 1, for all 1 < j < A:, and 

IIE-=iet,ll = l. 

Proposition 10.1. The space X admits the usual basis of £^ as an w-order spread- 
ing model. 

Proof. For every s G 5 let 

Xs = et 

0CtCs 
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By the definition of the norm it is easy to see that ||a;s|| = 1, for all s G 5, and that 
{xs)ses generates the usual basis of £^ as an <S-spreading model. □ 

Our next aim is to show the reflexivity of the space X. To this end we will 
first show that the space X is ^^-saturated, that is every subspace of X contains 
an isomorphic copy of 

Lemma 10.2. Let {xn)neN be a seminormalized sequence in X such that for every 
n 7^ m in N the following are satisfied: 

(i) For every ti G suppa;„ and t2 € suppxm, ti,t2 are incomparable. 

(ii) For every ti G suppa;„ and t2 € suppaj^, neither the pair {ti,t2) nor 
ihjti) belongs to V.. 

Then the sequence (a;„)„gN is equivalent to the usual basis of £'^. 

Proof. By the definition of the norm we have that if (i) (resp. (ii)) holds then 
{xn)neN admits a lower (resp. upper) estimate. □ 

Notation 10.3. A sequence {xn)neN in X is called <S-block if for every n < m in 
N, ti e suppa;„ and t2 € suppxm we have that ti,t2 7^ and maxti < minf2- 

The following is immediate from the previous lemma. 

Corollary 10.4. Every seminormalized <S-block sequence in X is equivalent to the 
usual basis of i"^. 

We recall that for every t G S, 

={t' eS-.tQt'} 



Proposition 10.5. For every n > 2 the subspace Coo(5[{„}]) is isomorphic to i"^. 
More precisely, for every n > 2 the basis {et)f^§ is equivalent to the usual basis 

of £2. 

Proof. We will prove it by induction on n > 2. For n = 2 we have the 
following. Let k & N and ao, . . . , a/c G R. Then 

k k 1 k 1 

aoe[2y+J2o'iH'2,2+j} = max (|ao|, (^a|) < {^a^Y 

j=l j=l j=0 

Notice also that max(|ao|2, Oj) ^ 5 Sj=o Hence 

k 1 k ^ i 

j=o j=l j=0 

and the proof for n = 2 is complete. Let n > 2 and suppose that for every I G N, 
ai,. . . ,ai e M and ti,. . . ,ti £ <5[{„}] we have that 

j=i j=i j=i 

It is easy to see that for every k G N we have that the two l-unconditional sequences 
(^*)te5[{ }] ^^'-^ ^^*)te5[{ +1 +i+k}] 1-equivalent. Hence for every fc G N, / G N, 
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oi, . . . , a; e M and ti, . . . ,ti G iS[{„_|_i^„_|_i_|_fe}] we have that 



Let keN. Let ao € M and for each 1 < j < k, let Ij e N, (a^)^^i in M and (t^),/^! 
in 5[{„+i^„+i+j}] . Then we have that 



aoe{„+i} +EE 



°'9^t^. 



niax< |ao|, |EE"^ 

I J = l 9=1 



j=l q=l 



Not 



^ («o + EE(«' 

k h ^ k I, 

ice that max (al, E EK)') ^ 2 (°° ^ E E^"?)') • ^ence 

J=l9=l " " 



k Ij 



(^r"(«o+EEK)')'< 

i=i 9=1 



j=l q=l 

k h k Ij 

me{n+i} + E E "9^*^, - ("0 + E E(° 



3 = 1 q=l 



j=l q=l 



□ 



Notation 10.6. For every ^ g N we set Xi = coo(5[{;}]) and Pi : X ^ Xi such that 
Pi{x) = X]tg5[{,jj x{t)et, for all x £ X. We also set Xq =< eg > and Pq : X ^ Xq 
such that Pq{x) = x(0)e0, for all x G X. Clearly the spaces Xq and Xi are of 
dimension 1 and therefore the projections Pq and Pi are compact. 

Proposition 10.7. The space X is saturated. 

Proof. Let F be a subspace of X. Then either there exists I > 2 such that 
Pi\y is not strictly singular or for every I > the operator Pi\y is strictly singular. 

In the first case the result is immediate. Suppose that the second case holds. Let 
(£n)neN be a decreasing sequence of positive reals such that X^^^ £» < |- Since Pq 
is strictly singular, there exists yi G Sy such that ||Po(yi)|| < We pick wi £ X oi 
finite support such that suppwi C supp(j/i — Po(?/i)) and || Wi — (j/i — Po(j/i))|| < ^■■ 
Therefore — WiH < Ei and ^ suppwi. Let li = maxjmaxt : t e suppwi}. Since 
Pi is strictly singular for all < Z < Zi, there exists a subspace Yi of Y such that 

ll^'I'^'ill < 2{iT+i) ■ Let 2/2 G 5*^2 and W2 = y2 - I]/Lo -P/(2/2)- Then \\w2 - y2\\ < 
Let W2 £ X oi finite support such that suppu'2 C suppw2 and ||u'2 — '5J2|I < 
Hence ||u>2 — J/2II < £2 and 



£2 
2 ■ 

2 ■ 



maxjmaxt : t e suppwi} < minjmint : t € suppti;2} 

Proceeding in the same way we may construct a normalized sequence {yn)neN 
in Y and an 5-block sequence {wn)n€N such that ||wn~J/n|| < for all n G N. The 
latter yields that the sequences (yn)neN and (u'„)„gN are equivalent. By Corollary 
110.41 we have that (u'„)„gN is equivalent to the usual basis of i'^. Hence (?/n)neN is 
equivalent to the usual basis of £^ and the proof is complete. □ 

Proposition 10.8. The space X is reflexive. 

Proof. First recall that the space X has an unconditional basis. Since, by 
Proposition ll0.7| X is i"^ saturated, we have that X does not contain any isomorphic 
copy of Co or i'^. Hence by James' theorem (c.f. |16j) we have that X is reflexive. □ 



100 



SPREADING MODELS IN BANACH SPACE THEORY 



2. The space X does not admit any plegma block generated 

spreading model 

Notation 10.9. Let g C [N]<°°, fc > 2 and sq, . . . , Sfe e ^. We will say that (sj)j=o 
is a S-plegma path from sq to in Q of length fc, if (s^, s^+i, Sj+2) is plegma for 
all < j < fc - 2. 

We will need a strengthening of Proposition 1 1.1 71 

Proposition 10.10. Let Q he a, regular thin family and L E [N]°° such that G is 
very large in L. Then for every sq,s g L{2N), with sq < s, there exists a 

3-plegma path from sq to s in G \ \ L of length 2|so|- 

Proof. By Proposition II . 1 71 there exists a plegma path {sj)^j'^Q from sq to s in 
g W L(2N) of length |so|. For every 1 < j < |so|, if s'^ - {L{n{) <...< ,)}, 
we set Sj the unique element of Q such that 

C{LK-l),...,i(nj^,|-l)} 

We set S2j — s'j, for all < j < |so|, and S2j-i — Sj, for all 1 < j < \so\. It is easy 
to check that {sj)'^^^Q is a 3-plegma path from sq to s in Q L of length 2|so|- O 

Let W C Coo (5) be the minimal set satisfying the following. 

(i) For every I e N, G H and ei,...,ei £ {—1,1} the functional 
/ = X]j=i ^j^tj belongs to W and will be called of type I with weight |ii |. 

(ii) For every d £ N, every collection fi,...,fd of functionals of type I, 
such that the set Ug^]^supp(/q) is consisted by pairwise C-incomparable 
elements, and ai,...,ad G M with X]g=i — 1 the functional ip = 
Sg=i belongs to W and will be called of type IL 

It is easy to check that the set is a norming set for the space X. Moreover, for 
d E N, the collection fi, . . . , fd of functionals of type I is called incomparable if the 
elements of the set Uq^]^supp(/g) are pairwise C-incomparable. 

Lemma 10.11. Let Q he a, regular thin family and {xy)y^g a ^-sequence in Bx- 
Suppose that there exists fco € N and L G [N]°° such that for ail v G G \ L and 
t e supp(a::„), \t\ < fco and for every plegma pair (^1,^2) in G \ L, we have that 
supp(a;i,j) n supp(x„2) — 0. Then the ^/-subsequence {x^)^izg\L does not admit 
as a ^-spreading model. 

Proof. Let L' e [L\°°. For every e > there exists I e N such that :^^^S±I < 
We pick a plegma ^-tuple in G \ L' with vi(l) > L'{1). We will show that 

II J X]j=i j II < Indeed, for every ip G W there exist d e N, /i, . . . , /d of type 
I incomparable and oi, . . . ,ad G R with X]g=i '^q — Ij such that ip — X]g=i '^qfq- 
We are interested to estimate the quantity "ysC j X]j=i ^-"i )■ Since for every t e 

supp(X]j=i ^vj), \t\ < ko, we may assume that the weight of fq is at most fco, for 
aii 1 < q < d. For every 1 < g < d, we set 

Eg = {j supp(/,) n supp(a;„^. ) ^ 0} 
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Notice that \Eq\ < |supp(/g)| < fco + 1, for all 1 < g < d. We have the following 

J = l 9=1 J = l q=l]eEg 

<(EE«^)^(EE()/.K))^ ' 

q=ljeEg q=ljeE, 

I 



2\ 2 



<\/^(^EEUK))T^ 



Vfco + l ^ 

: < £ 



i=i 9=1 

□ 

Remark 10.12. Let xi,X2 G X such that xi < X2 with respect to (e„)„gN, where 
= e0-i(n) for all n G N. Let F C supp(a;2) such that for every t E F there exists 
t' G supp(x2) with f C t. Then there is no ti G supp(xi) and ^2 G F such that 
(^1,^2) or (t2,ii) belong to Ti. 

Indeed, let ti G supp{a;i) and t2 & F with \ti\ = \t2\- The pair (<2,ii) ^ 
Indeed, since otherwise we would have that niaxt2 < maxii and therefore 0(t2) < 
(piti), which contradicts that xi < X2. 

Suppose that the pair {ti,t2) G H. Thus (^1,^2) is plegma. Since t2 £ F there 
exists t'2 G supp(a;2) such that t'^ C t2- Hence (^1,^2) is plegma and |ii| > jijl- The 
latter easily yields that maxii > maxij- Hence (p{ti) > (^(^2)1 which contradicts 
that xi < X2- 

Corollary 10.13. Let Q he a, regular thin family, I G N and {xy)y^g a fj-sequence 
in Bx such that for every plegma pair {vi,V2) in ^ \ L, Xvi < Xv2- Suppose that 
for every v E G \ L there exist Fj, F^ C supp(a;i,) such that for every t G F^ there 
exists t' G F^ such that t' C t. Let xl — Xv\p2 for every v E G \ L. Then {xl)veg\L 
does not admit £^ as a C/-spreading model. 

Proof. Indeed, let L' G [F]°°. For every £ > we pick Iq eN such that ^ < £• 

Let (ujO^Li be a plegma ^o-tuple in G \ L' . We will show that || ^ E^Li < £. 
Indeed let G M^. Then there exist d G N, /i, . . . , /d of type I incomparable and 
ai, . . . ,ad G M with X]g=i i^-f < 1 such that f = X]g=i '^9/9- For every 1 < q < d, 
we set Fg = {j G {1, ...,/} : supp(/g) n supp(a;^, .) ^ 0}. By Remark [l0.12l we have 
that |Fq| < 1 for all 1 < g < d. Hence 



" j=i 9=1 ^ j=i q=ijeEg 



'q=ljeEg ' 'g=lje_E, 

j = l g=l U 



□ 
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Lemma 10.14. Let Q he a regular thin family, L E [N]°° and {xv)veg a C/-sequence 
in Bx- Let fco € N and set for every v E Q \ L, 

FI — {t E supp(a;i,) ; \t\ < fco} and 

— {t E supp(a;^,) : Vt' E F^ , t,t' are incomparable} 

Suppose that there exists 5 < 1 such that for every v E G \ ||a;^|i^-3|| < 5. 
Then {xy)y(zgt^L does not admit the usual basis of (.^ as a plegma block generated 
^/-spreading model. 

Proof. For every v E Q |~ L we define 

^{tE supp(a;^,) \ F^ : 3t' E F^ such that t' □ t} 

It is immediate that for every v E Q \ L, {F^)1^^ is a partition of supp(a;u) and for 
every t E F^ U F^ we have that \t\ > k^. For every v E G \ L and 1 < i < 3 we set 

Suppose on the contrary that there exists Li E [L]°° such that the ^/-subsequence 
{xy)y(zg\L^ plegma block generates the usual basis of as a ^/-spreading model. By 
Lemma [10.111 fresp. Corollarv 110.131) we have that {x\)„an\T.^ (resp. (a;^)i,ggfLj 
does not admit £^ as a ^/-spreading model. Hence by Corollarv 14.21 {x^)v^g\Lx 
admits the usual basis of as a ^y-spreading model, which is impossible since 
\\xl\\< 5 <l,ioY &\\v EG \ Li. □ 

Notation 10.15. Let 

D=[{e,5)E [0, ^ - ^) X [0, 1) : (Vs - iVief + (1 - is - Sf > s} 

and ft, : Z? — > M be the function defined by 

h{e, (5) = (1 - (1 - 3e - (3 - 2(1 - 3sf - (1 - 3e - Sf)^f)^ 

Let us note that the curve £ ^ {{e,S) E M.'^ : (V3 - SVief + (1 - 3£ - = 3} is 
an ellipse, since its image through the linear transformation T : — > M^, defined 

by 



T(£,5) = 



" 3^/3 ■ 




e 


3 1 




S 



is a circle centered at (-y/S, 1) and of radius -s/S. Moreover notice that (| — 0) 
is the first intersection point of the curve £ and the e-axis. Also the point (0, 1) 
belongs to £ and the 5-axis is the tangent oi £ at (0, 1). Therefore the set D is 
a curved triangle with edges Ji, J2, J3, where Ji (respectively J2) is the segment 
with endpoints (| — -^,0) and (0,0) (respectively (0,0) and (0, 1)) and J3 is the 

arc of £ which joins the (0, 1) with (i — ^,0). 

It is easy to see that the function h is well defined on D. Moreover the function 
h is strictly increasing on D in the following sense: for all {e',6'), (e,(5) E D, with 
either < e' < £ and < 6' < S ot < e' < e and < 6' < 5, we have that 
h{e',S') < h{e,S). Finally h[D] = [0,1], h-\{0}) = {(0,0)} and /i^Hll}) = -^s- 
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Lemma 10.16. Let xi < X2 < xs (with respect to (e„)„GN, where e„ — e0-i({„j.) 
for aU n e N) in Bx and fco £ N. For every j = 1, 2, 3 let 

F/ = {i e supp(xj) : |t| < ko} 

Ff = {te supp(a;j) \ : 3t' G Fj such that t' □ t} 
Fj = {t £ supp(a;j) : W e F^ , t,t' incomparable} 
x^ — Xj\pi,x'^ — Xj\p2 and x'^ — Xj\p3 

Let {e,6) G D. Suppose that the following are satisfied: 

(i) \\xi + X2 + xsW > 3 — 3e and 

(ii) iixiii < S. 

Then \\xl\\ < h{e,S). 

Proof. Since \\xi + X2 + x-^W > 3 — 3e, there exists ip E W such that (p{xi + 
X2 + X3) > 3 — 3e. Then there exist d e N, /i, . . . , /d of type I incomparable and 
fli, . . . , S M, with J2q=i < 1 such that f ~ J2q=i o-qfq- Let / = {1, . . . , d\. 
For every F C {1,2,3} nonempty we set 

If ^{qe I ■■ supp(/g) n supp(xi) 7^ 0, Vie F, 

and supp(/5) n supp(a:i) = 0, Vi ^ F} 
and (/Sj- = J2qeiF '^ifi- Moreover we set 

I<ka = {9 e -^{1,2,3} : w{fq) < ko}, Iyk„ = {9 e -^{1,2,3} : w{fq) > fco}, 
f<ko = ^-ifl '^>'=o = X! "9/9 

Since ip{xi + X2 + X3) > 3 — 3e and if{xi) < 1, for all 1 < i < 3, we have that 
(f{xi) > 1 — 3e, for all 1 < z < 3. Hence 

l-3e<ip{xi)= ipf{xi)= ^ Y aqfqixi) 

ieFC{i,2,3} iei^c{i,2,3} 9e/F 



< 

ieFC{i,2,3} qeip 

Thus 



( E a^)'<(l-(l-3ef)^ 

9e/{2}U/{3}U/{2,3} 



Similarly by 1 — 3£ < ^pix^) we get that 



2^i 



( J2 «^)'<(l-(l-3en 

ge/{i}U/{2}U/{i,2} 

By Remark 1 1 . 1 21 we have that supp((/7{i 2,3}) H supp(x2) — 0. Hence it is easy to 
see that 

V{1.2,3}ix2) = <^{l,2,3}(a;2 + 3:2) = 'P<ko{xl) + f>ko{xl) 

Thus 

l-3e<if{x2)= ^ Y aqfq{x2) + f<koixl) + "Pykoi^l) 

2eFC{l,2,3} qelp 
F#{1,2,3} 
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Since \\x2\\ < S, we have that 

2eFC{l,2,3} 9e/F 9e^<feo 
F^{1,2.,3} 

Hence 

( E alf <{l-il-3e-Srf^ 

ge/{i}U/{3}U/{i,3}U/>fco 

By the above we have that 

( E E«^+ E <i3-2il-3sr-{l-3e-Sr)i 

FC{1,2,3} 9G/f q&I>ko 
F#0, {1,2,3} 

The latter yields that 

^Fix3) + ^>koix3) < (3 - 2(1 - 3e)2 - (1 - 3£ - Sf)i 

FC{1,2,3} 
F^0,{1,2,3} 

Hence ifKkoixs) > 1 - 3e - (3 - 2(1 - Se)^ - (1 - 3e - S)^)i . Since (p<fco(a;3) = 
'/'<fco(4) we have that ||4|| > 1 - 3e - (3 - 2(1 - 3e)^ - (1 - 3e - S)^)^ . Since 
1 > l!a;3|| > 114 > (ll^ll^ + IkiP)', we have that 

11x^11 < (1 - (1 - 3e - (3 - 2(1 - 3e)2 _ (i _ 3e - Sf)^)^)^ = h{e, S) 

□ 

The proof of the following lemma is similar to the above and we omit it. 

Lemma 10.17. Let xi < X2 < x^ in Bx and e > such that (e, 0) G D and 
||xi + X2+ xsW > 3 — 3e. We set 

feo = max{|t| : t G supp(xi)}, = G supp(x3) : \t\ < ko}, 

— {t £ supp(x3) : yt' € F^, t,t' incomparable} and 0:3 = X'i\p^ 

Then \\xl\\ < h{e,0). 

Theorem 10.18. The space X does not contain any plegma block generated £^ 
spreading model. 

Proof. Suppose on the contrary that X admits £^ as a plegma block generated 
^-order spreading model, for some ^ < wi . Then by Corollary 15.171 the space X 
admits the usual basis of £^ as a plegma block generated (^ + l)-order spreading 
model. That is there exist a regular thin family of G order ^ + 1, M G and a G- 
sequence {xv)v^g such that the ^-subsequence {x.u)veg\M plegma block generates 
the usual basis of £^ as a C/-spreading model. Clearly we may suppose that the 
^-sequence {xv)veg is normalized. 

We inductively choose sequence (<5„)^q and {en)neN as follows. We set So = 
and we pick < £1 < | — ■ Then (ei , 5o) £ D\J3 and therefore < h{ei ,So) < 1 
We set Si — h{ei, Sq). Suppose that ei > . . . > £„ and 5q, . . . ,Sn have been chosen 
such that for every 1 <k <n 

< 4 = h{ek,Sk-i) < 1 
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We pick En+i < £n, such that (£„+i,(5„) e _D \ J3. Thus < /i(e„+i,5„) < 1 and 
we set 

It is clear that for every n e N, e„ > and < (5„ < 1. 

We pass to AIi £ [M]°° such that G is very large in Mi and the Cy-subsequence 
{xv)veg\Mi plegma block generates the usual basis of £^ as a ^-spreading model 
with respect to (^)„gN- Let vq be the unique element of G such that vq □ Afi(4N) 
and ko = max{|<| : t € supp(a;i,j,)}. For every w e 5 we set 

= {te supp(a;„) : \t\ < ko}, 

= {te supp(a;^,) \ : 3t' e F^ such that t' C t}, 

F^ = {t e supp(a;„) : W G F^, t' ,t are incomparable}, 

— Xy\p'i- , Xy = Xt;|^2 and = x^|/;^3 

Let also M2 = {n € Mi(4N) : n > maxuo}. 

Claim: For every v G G \ M2 we have that ||a;^|| < S2\vq\- 

Proof of Claim. Let v e G \ Ah- By Corollary 110.101 there exists a strong 
plegma path {vj)'^^2o from uq to v in \\ Mi of length 2|uo|- Since (wo,wi,U2) 
is plegma we have that x^^ < x^^ < x^^ and \\xyg + x^^ + Xy.-^\\ > 3 — 3ei. By 
Lemma [10.171 we have that ||a;^J| < 5i. Inductively for j — l,...,2|wo| — 1 we 
have that (vj-i,Vj,Vj^i) is plegma. Consequentially we have that Xy^_-^ < Xyj < 
Xy.^^. Notice also that + x^- + x^j^^JI > 3 — 3£j+i. Having inductively 

that \\x\,\\ < Sj (notice that for j = 1 it is true) by Lemma [10.161 we get that 
< H^j^^j) = Sj+i- Hence ||a;3|| = \\xl^^^J\ < S2iyo\- □ 

The validity of the above claim and the observation that the ^/-subsequence 
ixv)veg\M2 also plegma block generates the usual basis of as a C/-spreading 
model contradicts Lemma [10.141 □ 

By the reflexivity of the space X, Theorem llO.lSl and Proposition [7231 we have 
the following. 

Corollary 10.19. The dual space X* of X does not admit cq as spreading model 
of any order. 



CHAPTER 11 



A reflexive space not admitting P' or cq as a 
spreading model 

In this chapter we present an example of a reflexive space X having the property 
that every spreading model, of any order, of X does not contain any isomorphic 
copy of Co or for every p e [l,cx)). This example answers in the affirmative a 
related problem posed in :24 and shows that Krivine's theorem [19 concerning 
or Co block finite representability cannot be captured by the notion of spreading 
models. 

1. The definition of the space X 

We start with the definition of the space. Its construction is closely related to 
the corresponding one in [24] . Let (nj)jgpf and (mj)jgN be two strictly increasing 
sequences of natural numbers satisfying the following: 

(i) ^ <0,1. 

(ii) For every a > 0, we have that 

(iii) For every j e N, we have that < 

We consider the minimal subset W C (coo(N))^ satisfying the following: 

(i) ±e; e W, for ah neN. 

(ii) Functional of type I: For every j € N, d < Uj and /i < . . . < in W, 
the functional = ^ J2q=i fq belongs to W. The functional f is defined 
to be of type I and we associate to it its weight to be w{(p) = nij. 

(iii) Functionals of type II: For every d e N, ai, . . . , G M with J2k=i '^1 — ^ 
and /i, . . . , /d in of type I with pairwise different weights, the functional 
Lp = J2k=i ^kfk belongs to W and is defined to be of type II. 

We define the norm || • || on coo(N), by setting for every x € coo(N) 

||a;|| = sup{(p(a;) : ip S W} 

Let X be the completion of coo(N) under the above norm. It is easy to see that the 
Hamel basis (e„)„gN of coo(N) is an unconditional basis of the space X. 

Also for every j £ N we define on X the norm || • || ^ by setting for every x G X 

||x||j — sup{/(x) : / is of type I with w{f) — rrij} 

Notice that for every j G N the norms || • || and || • || j are equivalent. Precisely it is 
easily shown that for every x G X, \\x\\j < \\x\\ < mj||a;||j. It is also easy to check 
that for every x G X we have that 

oo 

||x||=max{||x||oo,(Ell^ll?)'} 
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where || • ||oo denotes the supremum norm. Hence for every x ^ X the sequence 
w = (||a;||j)jgN belongs to f and (E^i ' = < 



2. On the spreading models of the space X 

In this section we will show that every spreading model, of any order, of X 
does not contain any isomorphic copy of cq or £p, for every p G [1, oo). 

2.1. The space X does not admit £^ as a spreading model. We first 
show that X does not admit as a spreading model of X of any order. We start 
with the following lemma. 

Lemma 11.1. Let j > 1 a natural number and (a;p)^i a block sequence in Bx- 
Then for every f in W of type I with w(f) < rrij we have that 



Xi 



< 



Proof. Let j > and / in X of type I such that w{f) ~ nii < rrij. Then 
there exist 1 < d < Ui and /i < . . . < in W, such that f = T^'^q=i fq- 
{xp)^li be a block sequence in Bx- We set / = {1, . . . , nj}, 

A = {p I : there exists at most one g e {1, . . . , rii} such that 
supp/g n suppxp ^ 0} and 

B = {p E I : there exists at least two q E {1, . . . ,ni} such that 
supp/g n suppxp ^ 0} 

Clearly we have that A U B — <l) and A n B = 0. It is also easy to see that 
\B\ < d - I < Hi and \ f{xp)\ < for all p e A. Hence 



T) — 



1 1 ^ , 1 



< - > |/(Xp)| = - > |/(Xp)| + - > |/(Xp)| 



P=i p=i psA peB 

1 n, 1 n, 2 2 
< — + — < — + < 



nii Tij rrii rii+i rui w{f) 

□ 

For the next proposition we will use the following notation. Given a — (a„)„(=N 
and b = {bn)neN two sequences in P{N) we set < a, b >= J2^=i o^nbn- Also every 
F C N we set Pf{s^) = Y^neF 

We will also use the next remark. 

Remark 11.2. Let T be regular thin, M G [N]°° and {ws)s&j^\m be a bounded 
J^-subsequence in Hence, since {ws)seJ^tM is weakly relatively compact, by 
Proposition l4. 141 we have that for every e > 0, d G N and a decreasing null sequence 
(£„) of reals, there exists L £ [M]°° such that the J'-subsequence {ws)sgJ^\l admits 
a generic assignment ((^, (z«s)s6J='rL, (^'Otg^fi) with respect to d G N and (e„). 
Notice that we may assume that }((^(0))|| < e and e„ < e for all n G N. 

Proposition 11.3. The space X does not admit £^ as plegma block generated 
spreading model of any order. 
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Proof. Assume on the contrary that there exist T regular thin, M E 
and {xs)seJ^\M which plegma block generates £^ as an J^-spreading model. We may 
also assume that £ Bx for all s € T \ M and {xs)sej^\M plegma block generates 
£^ as an J^-spreading model with constants 1 — £, where e = 0, 1. 

For every s d J- \ M we define ~ {\\xs\\j)ji=ti which clearly belongs to 3(2. 
By Remark 111.21 there exists L g [M]°° such that the J^-subsequence {ws)s£J^\l 
admits a generic assignment (Ip, {'Ws)seJ^\L, (^t)tg^fL) '^ith respect to some do € N 
and (£„) decreasing null sequence of reals such that \\P{do+i,...}{'f{^))\\ < § and 
£„ < I for all n e N. We pick jo G N such that 

(i) jo > do- 

(ii) isl < e. 

Let (sp)pi\ be a plegma rijo-tuple in f L with si(l) > L{njg) such that 



(13) 



> 1 - 2e = 0, 



Clearly we have that || J2p=i ||oo < 77— < £■ We will arrive to a contradiction 
by proving that for every ip in W of type II, we have that 



2 

( — E ^'■p 



p=i 



< 0,2 + 4e = 0,6 



Indeed, let 1^9 in of type II. Then there exist d e N, ai, . . . , e M with J2q=i — 
1 and /i , . . . , /rf in W of type I with pairwise different weights such that (p = 
Ylq=i^qfq- We may assume that w{fq) = rriq, for all 1 < q < d. Let a e i?£2 
such that a{q) = Uq for all 1 < g < d and a.{q) = for all q > d. Let also 
i^p = supp{P{do+i,...}{wsJ), for all 1 < p < n^g. Then 



(— E^^.)|^|E«./X^E-^.)| + | E E-«.) 

9=1 Jo g=do + l Jo p=i 

"jo d 

E E i^^i-ii^^Ji? 

JO p=l q=do + l 
^ "JO d 

= E E 

= 0, 2 + — ^ I < a, P{do+i,...} (w,^ ) > I 

"■JO p=l 

^ "jo 

<0,2 + £ + — ^|< a,P{do+i....}(iS«p - W0) > I 



p=i 
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^ "JO 



=1 



^ "JO 



< 0, 2 + 2e + — 2^ I < a, Pp.iws,) > 
=1 



, "JO 



^1 q^Fp 
1 

Let Ai = {p e {l,...,nj,} : {J2qeF,^l)^ < and ^2 ^ {p e : 

,2 



^q) ^ ^ Then since J2q=i o-q — ^ and {Fp)^^^ are pairwise disjoint, we 
have 1^2 1 < IL^JI- Hence 



•JO p=l ^° p=l qeFp 



peAi qeFp ^" P&A2 q€Fp 

< 0, 2 + 2e + e + 1^ < 0, 2 + 4£ 

□ 

Using ^ -Jji^:^ gasy to see that the space X satisfies the property V 

(see Definition I6.13p . This easily imphes that the space X does not contain any 
isomorphic copy of cq. Proposition 1 1 1 . 31 implies that the space X does not contain 
any isomorphic copy of £^ . Since the basis of X is unconditional we conclude the 
following. 

Corollary 11.4. The space X is reflexive. 

Moreover we have the following. 

Corollary 11.5. The space X does not admit any £^ spreading model of any order. 

Proof. Suppose on the contrary that there exist a regular thin family 
M G and a bounded J^-sequence (xs)sgjr such that {xs)s£T\m generates as 
an J^-spreading model. By the reflexivity of X and the boundness of {xs)s<£j^, we 
have that the J^-sequence (xs)sej^ is weakly relatively compact. Since X satisfies 
the property 7^, by Theorem l6 . 1 5l the space X admits as a plegma block generated 
J^-sprcading model, which contradicts Proposition 1 1 1 . 3l □ 

2.2. The space X does not admit £p, for 1 < p, or co as a spreading 

model. We proceed to show that X does not admit any £p, p > 1 or cq as a 
spreading model. First we state some preliminary lemmas. 

Lemma 11.6. For every p > 1 and for every S,c > there exists feo G N such that 
for every k > kg and (xj)^^^ block sequence in X with ||a;j|| > 5 for all 1 < j < rik, 
we have that 

3 = 1 
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Proof. Since — — > oo, there exists ko G N such that for every k > we 

i-J- 

have that > |. Let (xj)"4i be a bfock sequence in X such that ||a;j|| > 6 for 

all ^ < j < nk- Let /i, . . . , € 14^ such that fj{xj) > 6 and supp(/j) C supp(a;j) 
for all 1 < j < Uk- Then the functional / = ^ Sj=i /j belongs to W. Hence 



E ^4 > /(E = — E /^■(-^■) > > 



j=i j=i i=i 

□ 

Lemma 11.7. Let p > 1 and ^ < wi. For every regular thin family of order ^, 
M e [N]°°, c,S > and J"-sequence (a;s)sej=-, such that \\xs\\ > (5 for aU s e J" t M 
and {xs)seJ^\M admits a disjoint generic decomposition, there exist L e [Af]°° and 
ko G N such that for every fc > fco 

1e^« 

for every plegma n^-tuple {sj)"!ii in |" L. 

Proof. We will prove the lemma using induction on ^. For ^ = 1 we have 
that the sequence (5;{,„j.),„gj\/ forms a block sequence in X. Hence by Lemma lll.61 
the result follows. 

Let ^ < ui and assume that for every ( < the lemma is true. We will 
show that it also holds for ^. Indeed, let c, 5 > 0, be a regular thin family 
of order ^, M g [N]°° and {xs)s£j^ an J^-sequence such that the J^-subsequence 
{xs)seJ^\M admits a disjointly generic decomposition {yt)ffzf\-M ^^'^ \\^s\\ > '^i fo'" 
all s £ f M. Let Li E [M]°° such that T is very large in Li. By Proposition 
II. 121 there exists L2 G [Li]°° such that one of the following holds 

(i) II J2tns2/si yt\\ - I ^^^^y plegma pair (si, S2) in J" \ L2, 

(ii) II Ltcsa/si ^tll > I fo'^ every plegma pair (si, S2) in -7^ \ ^2- 

Suppose that (i) occurs. Then by Lemma [11.61 there exist ko such that for every 
k > ko and (xj)"^^ block sequence in X with \\xj\\ > | for all 1 < j < Wfc, we have 



to be the unique element in \ L2 with s* C {Z2pi_i7 • • • , '20, ,-1} and 



that 

Let k > ko and (sj)J^i be a plegma rti:-tuplc in \ L2{2N). Let L2 = {If, . . .} 
and for every 1 < j < Uk, let Sj — {l^pi ' • ■ • ' ^2pi, , }■ Fo'" all 1 < j < Uk we set s* 

'2pi-l7---,f2p|,^|- 

= - E 

tfZsj /j. 

Notice that the sequence (zs^ )"^! forms a block sequence in X such that Hzg^. j] > | 
for all 1 < J < Kfe. Since k > kg and the basis (e„)„gN is 1-unconditional, we get 
that 
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Suppose that (ii) occurs. Let Q = T j h^. For every i S C/, we set zt — x's'^^ (see 
Definition I6.3|) where s G J-" [" L2(2N) and t C s. Since o{Q) < ^, by the inductive 
hypothesis (for ( = o{g), c, |, (^t)tee and ^2(2^)), there exist L e [L2(2N)]°° and 
fco € N such that for every fc > fco, 



i=i 

for every plegma n^-tuple (tj)^^^ in Q \ L. 

Let (sj)j4i plegma rifc-tuple in J- \ L. For ah 1 < j < Uk, let in \ L such 
that C Sj. Then {tj)"!ii is an plegma rifc-tuple in Q \ L and therefore 



The following is immediate by the above. 



□ 



Corollary 11.8. Let be a regular thin family, M e [N]°° and {xs)s£j' an J^- 
sequence in X. If the J^-subsequence {xs)seJ^\M admits a disjointly generic de- 
composition then (xs)si£j^\M does not admits any i^, for 1 < p < 00, or cq as an 
J^-spreading model. 

Moreover since X is reflexive by Theorem 14 . 1 5 1 we get the following. 

Corollary 11.9. The space X does not admit any £p, for 1 < p < 00, or cq as 
spreading model of any order. 

2.3. The main result and some consequences. We are now ready to state 
our main results. 

Theorem 11.10. Every spreading model, of any order, of the space X does not 
contain any isomorphic copy of £p, for every p G [1, 00), or cq. 

Proof. Assume that for some ^ < wi the space X admits a spreading model 
of order ^ containing an isomorphic copy of (or cq). Since X is reflexive by 
ProDOsition l5.14l we have that X admits (resp. cq) as a spreading model of order 
^ + 1, which contradicts Corollaries 111.91 and lll.51 □ 

Moreover by Corollaries II 1.91 1 11.51 and 15. 191 we obtain the following. 

Corollary 11.11. For every nontrivial spreading model (e„)„gN admitted by X, 
we have that the space E = < (e„)„gN > is reflexive. 

k 

Lemma 11.12. For every fc G N and every Banach space E such that X — yE, we 

k 

have that X — >E. 

bl 

Proof. For fc = 1 the result is easily verified by the reflexivity of the space 
X and the standard sliding hump argument. Suppose that for some fc G N the 
lemma is true. Let i? be a Banach space such that X^^E. Then there exists a 

Banach space E' with a Schauder basis {e'„)neK such that X-^E' and E' E. 

By the inductive hypothesis we have that X — >E' . By Corollarv 15.91 we have that 

bl^ 

(e'i)neN G SMk{X). Therefore by Corollarv 111.111 we have that E' is reflexive. 
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Hence by the standard sliding hump argument, E'^E. Thus X -^E. By induction 
on fc G N the proof is complete. □ 

By the above lemma, Corollary 15.91 and Theorem 111.101 we have the following 
which answers the related question of |24) . 

k 

Corollary 11.13. For every k £ N and Banach space E such that X — >E, we have 
that E does not contain any isomorphic copy of for all 1 < p < oo, or cq. 

Remark 11.14. It is immediate by the reflexivity of the space X, Corollarv lll.51 
and Theorem 17.261 that the dual space X* oi X does not admit any cg spreading 
model. 

It is worth pointing out that the answer to the Problem [2] in Chapter [2] is 
unknown for the space X. Namely we do not know if there exists an ordinal ^ such 
that every spreading model of X is equivalent to a ^-order spreading model of X . 
It is also unknown if the spreading models of X include reflexive Banach spaces 
which are totally incomparable to spaces with a saturated norm. 
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